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Sum m ary
111 this research study, non-linear spectral mixing models have been developed and em­
ployed to achieve immixing the proportions of components accurately and retrieving the 
physical param eters of the mixture.
The first focus is on a comparative study of linear and non-linear spectral mixing models. A 
carefully-controlled experiment was conducted in the laboratory. The aim is to test bo th  
models to unmix ternary powdered-chalk mixtures by using the directional reflectance 
data. The results dem onstrated the superiority of the non-linear model over the linear 
model. However, there was at least one case when the linear model produced more accurate 
results than  the non-linear model.
As a consequence, a hypothesis was made tha t the directional reflectance data obtained 
from certain measurement geometries may not contain useful information for deriving 
surface param eters. In order to investigate this, an error analysis was employed to observe 
the sensitivity to error of a physical param eter, which is needed in the non-linear unmixing, 
when estim ated from directional reflectance data  at certain measurement geometries. This 
theoretical investigation was tested against reflectance data  of mineral mixtures obtained 
from a laboratory experiment. The results showed that the unmixing could be improved 
when the angular measurements were carefully chosen. Information contained in each 
surface measurement can be useful or damaging depending on the measurement geometry 
and the brightness of the surface itself.
The next focus is on the utilisation of non-linear spectral mixing model to retrieve the 
biophysical properties of vegetation canopies by means of a canopy reflectance modelling. 
A two-layer model of the bidirectional reflectance of homogeneous vegetation canopies was 
proposed in this study. The anisotropic scatterings of both the vegetation canopy and the 
background were taken into account. This new model was validated against simulated and 
held-measurement data. The results showed that this model can be used to model the 
bidirectional reflectance and to retrieve the optical properties of canopy elements (leaves) 
and background of a homogeneous canopy.
Finally, a simple non-linear spectral mixing model was developed. The second order inter­
action between vegetation and soil was taken into account. Results from the experiments 
showed that the vegetation cover and leaf area index of moderate density canopies can be 
retrieved by using this model.
K e y  w ords: non-linear spectral mixing model, linear spectral mixing model, canopy 
modelling.
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C hapter 1
Introduction
Reflectance spectroscopy is a powerful tool for remote sensing used in identifying surface 
classes. Each m aterial of interest can be characterised by a reflectance spectrum  which is 
a function of the wavelength and is known as its spectral signature. For each wavelength it 
indicates the fraction of incident light of tha t wavelength tha t is reflected by the material. 
Most of the sensors on-board satellites, for example Landsat TM, SPO T HRV, we use to 
observe the surface of the Earth, record the observed scene at discrete narrow wavelength 
bands, and thus they sample the spectrum  of the observed m aterial in the form of multi- 
spectral data. On the other hand, the observed surface is spatially sampled by the fleld- 
of-view of each of the sensor element th a t records the reflectance in each separate spectral 
band. The area of the scene which contributes to the recorded value by each sensor 
element could be of a great variety of sizes, from less than to several square kilometres, 
depending on the spatial resolution of the sensor. Irrespective of tha t, the area seen by 
a single sensor element is bound to contain a variety of different m aterials, all of which 
contribute to the recorded signal by the sensor. This will be more so for coarse resolution 
sensors, bu t even high resolution sensors will suffer from this effect at least in cases when 
transition  regions between different cover classes are imaged. Spectral unmixing is the 
process by which we try  to infer fractions of constituent m aterial components present in 
the spectrum  of an object.
Reflectance spectra of natural surfaces which are obtained from sensors contain impor­
tan t information of composition which is derived from the position, shape and scattering
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|)i()p(U ties of individual materials. The reflectance spectrum  of a mixture is a system­
atic combination of the reflectance spectra of the individual materials that constitute the 
mixture (M ustard and Pieters, 1989). The way the individual materials combine to form 
tlu^ mixture can be classified in one of two general classes: macroscopic or coarse and 
microsco])ic or intimate mixtures. In coarse mixtures, the individual components present 
themselves as discrete homogeneous patches to the field-of-view of an instrum ent. The 
reflectance spectrum  of this type of mixture, the so-called checkerboaid mixture, is a linear 
combination of the spectra of the individual materials (Smith et al.. 1990), see figure 1.1a. 
I his way of mixing can be successfully modelled by the linear spectral mixing model. The 
light coming from any such patch has interacted with only one type of material before it 
enters and is mixed within the field-of-view of the sensor, see figure 1.2a.
( a )  l inear ly  m i x e d  pixel ( b )  n o n - l i n e a r ly  m i x e d  pixel
F ig u r e  1.1: The appearance of mixtures within an element of the sensor.
S c a t te r e a  light
Light s o u rc e  ^  
in c id e n t light
M ixture s u rfa c e  ,• v  /■■■■iiiil
( a )  li n ea r  m ix in g
Light so u rc e  ^  
I n c ld ^ t  light
S c a tte re d  light 
M ixture su rfa c e  \  /# .•# # # » •  » •
( b )  n o n - l i n e a r  m ix in g
F ig u r e  1.2: The combination of the spectra reflected from a mixture
In an intimate mixture, each component is randomly distributed in a homogeneous way, 
within the field-of-view of the sensor (M ustard and Pieters, 1989), see figure 1.1b. Its 
reflectance spectrum  is not simply a linear combination of the reflectance spectra of the 
individual components (Nash and Conel. 1974). Instead, the light interacts with multiple
1.1. M otivation
m aterials as it is scattered by the m ixture before enters the sensor (Ray and M urray, 
1996). This way of combination can be modelled by a non-liiiear spectral mixing model , 
see figure 1.2b.
In this thesis, the coarse m ixture is referred to as the linear mixtiLre and the intim ate 
m ixture is referred to as non-linear mixture in order to correspond the mixing models 
used in describing the light interaction to the types of mixture.
1.1 M otivation
Several methods have been proposed for the last twenty years for the problems of the 
spectral unmixing. The vegetation-index approaches have been emj)loyed to identify the 
proportions of components in the mixtures. They have been utilised as empirical methods 
to identify the ground cover, specifically the vegetation, by using da ta  from two or more 
different spectral bands to depict an empirical line which could allow the rapid estim ation 
of the vegetation cover from these indices. However, the standard universal values cannot 
be obtained from these indices while they can be influenced by several factors such as 
surface roughness, solar and viewing angle changes, soil characteristic and sensor charac­
teristics. This has been observed by several investigators (Huete, 1987; Garcia-Haro et ah, 
1996)
Based on the assumption th a t light is singly-scattered from the m ixture surface before 
reaching the field-of-view of the sensor, the linear mixing of light may be assumed in some 
cases for simplicity. The linear spectral mixing model may be used in order to rapidly 
extract information from the measurements.
However, various experiments (Roberts et ah, 1993; Ray and Murray, 1996; Zhang et ah, 
1998) have shown the significant existence of multiple scatterings. The radiation w ithin 
the medium and among the components, in the broad band spectrum , is non-linearly 
mixed before reaching the instrum ent. Therefore, the non-linear spectral mixing model 
should be applied to obtain a higher accuracy in unrnixing problems.
For green vegetation, the leaf reflectance, transm ittance and absorptance depend on the 
wavelength. Reflectance and transm ittance are low in the visible band (light absorbed
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for photosynthesis) but high in the near-infrared and infrared bands. The linear spectral 
mixing model applied well for sparse clumps in a semi-arid or arid region in the visible 
band. This is because the singly-scattered light from each component plays an im portant 
role in the spectral mixing, in which the multiple scattering may be ignored. However, 
in the cases of dense vegetation canopies or mineral m ixture surfaces, multiple scattering 
significantly induces the non-linear effect to the mixing model. The linear mixing model 
may be inadecpiate to explain the light scattering within the medium.
Understanding of how light scatters within the medium allows us to appropriately model 
the mixed reflectance from the m ixture surface. The non-linear spectral mixing model is 
mainly based on the radiative transfer theory and is in the form of a non-linear equation of 
the spectral reflectance of constituent material components. In agricultural applications, 
the mixing model can be used as an efficient tool not only to derive the proportions of com­
ponents (the amount of vegetation over soil background or the so called vegetation cover), 
but also to retrieve the biophysical characteristics, e.g. leaf area index, leaf reflectance and 
leaf transmittance, etc. The vegetation cover, estimated from the repetitive measurements 
of satellites, can be used for the change detection, deforestation-reforestation and land 
conversions. The biophysical characteristics of the canopy are utilised for the estimation 
of canopy process such as photosynthesis, leaf litter fall and évapotranspiration (the pro­
cess by which water is transferred from the land to the atmosphere by evaporation from 
the soil and other surfaces and by transpiration from plants). This provides the dynamic 
evaluation of terrestrial vegetation effects on the global climate (Asrar, 1989).
Most of non-linear mixing models comprise a number of model param eters. The utilisa­
tion of the bidirectional reflectance data  obtained from the directional reflectance mea­
surements allow the accurate estimation of these param eters which are necessary when the 
non-linear mixing models are employed in the unrnixing problems. However, these data  
may not be directly obtained from the existing instruments on-board satellites because of 
their nadir-pointing characteristics. Some researchers have shown the potentiality of us­
ing da ta  sets from satellite images taken by wide-angle instruments, for example AVHRR 
on-board NOAA satellite, to represent the bidirectional reflectance data  (Roberts et ah, 
1993).
1.2. Aim and research contributions
The new generations of instruments, for example MODIS, MISR, on-board the Terra satel­
lite, enable us to observe the surface of the E arth  in several viewing angles simultaneously 
with high spectral resolution in a broad-band spectrum. This facilitates accurate E arth  
olDservations.
1.2 A im  and research contributions
The aim of this research is to propose methods for the non-linear spectral mixing analysis 
of light scattered from mixture surfaces. Non-linear spectral mixing models are devel­
oped to estimate the proportions of components in mixtures and to retrieve the physical 
(l^iophysical) param eters of the m ixtures , e.g. mineral mixtures and vegetation canopies.
The contributions from this research are as follows. The better performance of non-linear 
unmixing over that of linear unmixing is presented through the use of the reflectance 
model with the directional reflectance data  from a carefully controlled laboratory exper­
iment (chapter 3). W ith criteria for selecting the bidirectional reflectance data  in some 
geometries to be used, the accuracy of the non-linear unmixing is shown to be improved. 
These criteria, which depend on the model used, are presented and applied to select the 
bidirectional reflectance data  from the laboratory measurements in order to achieve the 
higher accuracy of the unmixing (chapter 4). In an extensive study on the use of the non­
linear mixing to agricultural applications, a novel analytical canopy reflectance model, 
including the effect of the non-Lambertian background, is proposed and validated by sim­
ulated and field reflectance data  (chapter 5). Finally, a new simple non-linear spectral 
mixing model is introduced (chapter 6). The second order interaction between vegetation 
and soil background is taken into account.
1.3 O utline o f th e  thesis
In this thesis, background and some literature surveys in the methods used for the m ixture 
analysis, namely the linear and non-linear spectral mixing models, are given in chapter 2. 
Also, reflectance models for particulate and vegetative media proposed in the literature
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for this purpose are reviewed. However, in chapters 3 to 6, the necessary literature review 
is also provided for the specific work at the beginning of each chapter.
In chapter 3, two major approaches in spectral unmixing, linear and non-linear spectral 
mixing models, are applied to an unmixing problem. The essence of the non-linear spectral 
mixing in the process of unrnixing is presented through a carefully-controlled laboratory 
experiment. The limitations and applicability of the linear and non-linear mixing are 
compared, in the context of unmixing mineral mixtures.
In chapter 4, the properties of the reflectance model in terms of its stability to small errors 
in the measured variables is investigated. This study gives the criteria of choosing the 
directional reflectance data  in order to improve the accuracy of the non-linear unmixing.
The utilisation of the non-linear spectral mixing model to retrieve the biophysical prop­
erties of vegetation canopies by means of a canopy reflectance modelling is in chapter 5. 
A two-layer model of the bidirectional reflectance of homogeneous vegetation canopies is 
proposed. The anisotropic scattering of both the vegetation canopy and the background, 
i.e. bare soil or leaf litter, is taken into consideration in this model. The effect of the 
anisotropic scattering from the l)ackground to the apparent canopy reflectance in different 
loaf area indices of three leaf-orientation canopies is presented. The model is validated 
against simulated and fleld-measurement data. The inversion process is used to retrieve 
the optical properties of leaf and background. The model is used to predict the bidirec­
tional reflectances from the parameters retrieved by the inversion process. The predicted 
bidirectional reflectances agree well w ith those assumed by the simulated data. The leaf 
optical properties retrieved by the model inversion are discussed and validated against 
values known from the measurements.
In chapter 6, a simple non-linear spectral mixing model is proposed. The second order 
interaction between vegetation and soil background is assumed for the shadow reflectance 
component. We use this model to derive the vegetation cover and leaf area index. The 
leaf angle distribution may also be indirectly inferred. The model is valid for m oderate 
canopy densities.
Finally, the conclusions and major contributions of this thesis are drawn in chapter 7.
C hapter 2
Background and literature review
This chapter gives some backgroimd and the literature review on the spectral mixing mod­
els, which are used and referenced throughout this thesis. This includes a brief definition 
of bidirectional reflectance, an introduction to the linear and non-linear spectral mixing 
models, some definitions on canopy architecture, and a discussion on the radiative transfer 
theory which includes the derivation of the radiative transfer equations for describing the 
light scattering within media, both  mineral mixtures and vegetation canopies.
The methods of solution of the radiative transfer equations are also investigated. The 
details of analytical solutions, reflectance models and canopy reflectance models, are de­
scribed. Consequently, some works in the spectral m ixture analysis, which can provide 
a simple model for the unmixing problems, are also discussed. Nevertheless, some basic 
definitions of radiant-energy quantities are given in Appendix A.
2.1 T he b idirectional reflectance
Remote sensing instrum ents record the radiant energy which is either reflected or em itted 
from the E a rth ’s surface. The reflection by such a surface (the process whereby the radiant 
flux incident on a surface leaves th a t surface from the incident side without changing in 
frequency (Nicodemus, 1965)), is of interest, in the remote sensing perspective, in order 
to classify the types of surface, e.g. water, vegetation, rock, soil, etc., or, moreover, to 
identify the composition of the surface.
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There are various types of reflecting surface. The specular surface is the ideal case of 
the perfectly-sinooth or mirror-like surface (see figure 2.1(a)). The quasi-specular surface 
(see figure 2.1(b)) is more realistic in practice, e.g. the calm water bodies (Jensen, 2000), 
Another type is the Lambertian surface. Any energy incident to this surface, is reflected 
(scattered) isotropically in all directions according to Lambert’s law (see figure 2.1(c)). 
There is no surface that obeys Lam bert’s law exactly. Most of natural surfaces reflect the 
incident energy in the way of the ciuasi-Lambertian surface (see figure 2.1(d)).
( a )  S p e c u l a r ( b )  Q u a s i - s p e c u l a r
( c )  L a m b e r t i a n ( d )  Q u a s i - L a m b e r t i a n
Figure 2 .1 : The nature of reflecting surfaces. The lobes are the polar diagrams of the 
reflected radiation.
The reflectance is the fraction of the incident flux that is reflected (Nicodemus, 1965). An 
intrinsic property governing the reflectance behaviour of a surface is its spectral bidirec­
tional reflectance distribution function (BRDF) (Nicodemus, 1965). The BRDF depends 
only on the wavelength, the incident and viewing angles and the physical (biophysical) 
characteristics of the surface and can be defined by function r(A, 0 , 5') where A is the
2.1. The bidh'cctioiuil refiectance
F ig u r e  2.2: The incident and viewing geometry for the bidirectional reflectance measurement
wavelength, vector iV defines the direction of the incident radiation, il the direction of the 
exitance radiation, and S' describes the idiysical character isties of the surface (see figure 
2 . 1).
However, in most field and remote sensing measiirements what is measured is the re- 
tlcctaiicc factor. The reflectance factor is defined as the ratio of the radiant flux actually 
reflected by a sample surface to that which would have been reHect('d into the same 
reflected-beam geometry by an ideal perfectly Lambertian standard surface irradiated in 
exactly the same way as the sample (Nicodemus, 1965). IL'flectance factors are normally 
measured over targets from one or more nadir and off-nailir vii'wing angles to sample the 
HRDF.
The mixing models can be used to derive the proportions of components and physical 
or biophysical surface param eters with the help of the bidirectional reflectance which is 
measured from the remote sensing instruments. The methods used for the unmixing fall 
into two categories, namely those that assume the mixturi' to be linear and those which 
assume that they deal with non-linear mixtures. The method for the linear m ixture is 
explained in section 2.2. The reflectance model and canopy ri'fiectance model presented 
in terms of the nonlinear s])ectral mixing for mineral and vegetative surfaces, respectively, 
are described in section 2.3.
10 Chapter 2. Background and literature review
2.2 Linear m ixture
Numerous investigators have proposed and applied various methods for unmixing l)y as­
suming a linear m ixture (Cross et ah, 1991; Settle and Drake, 1993; Roberts et ah, 1993; 
Garcia-Haro et ah. 1996; Bosdogianni, 1996; Drake et ah, 1999). These methods assume 
the linear mixing of spectral signatures of a few pure classes, the so-called endmemhers. 
The linear combination of endmembers are generally arranged into a linear system of 
equations and usually solved in the least square error sense. A linear mixing model can 
be expressed as
N
Vk =  (2 .1 )
j= l
where is the spectral intensity of a mixed pixel at the A:th spectral band, x^j  is the 
spectral intensity of a pure pixel of the j i \ \  class, at the k th  spectral band, M j  is the 
proportion of the ;;th class in the given mixed pixel and e/. is the error between the m ixture 
model and the measured data. N  is the total number of pure classes. The proportions M j  
are estim ated in the least square error sense by minimising the sum of squares of ej.
2K
E
A - l
N
Vk -  X ! MjXkj 
j=i
(2 .2 )
where K  is the number of spectral bands, and M j  are subject to the constraints
N
=  1 (2-3)j = l
M j > 0 j  = (2.4)
The major problems in applying the linear mixing model to remote sensing applications is 
to identify the pure pixels in the remote sensing image corresponding to the pure classes 
(Cross et ah, 1991). Various methods have been proposed to determine these pure pix­
els for the endmembers. Principal Component Analysis (PCA) has been used to identify 
the endmembers by assuming that the true endmember pixels are contained in the image 
(Smith et al., 1985: Drake and Settle, 1989; Bryant, 1996). However, in reality, the end­
members may not be present in the data  sets. Recently, Drake et al. (1999) presented the 
use of spectral matching approach to match library spectra to identify the purest pixels
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ill the scene before the linear m ixture analysis takes place. Other techniques were also 
proposed for this endmember extraction problem (Garcia-Haro et al., 1999; Bateson et al., 
2000 ).
Linear mixing m ethods have been applied in the unmixing of semiarid regions. However, 
the presence of the non-linear mixing has been investigated and is described in the next 
section.
2.3 N on-linear m ixture
Many investigators have proved tha t the reflectance spectra of most natural surfaces are 
better modelled by the non-linear mixing model. Examples are vegetation and soil surfaces 
(Smith et ah, 1990; Bor el and Gerstl, 1994; Gilabert et ah, 2000) and mineral m ixture 
surfaces (Nash and Conel, 1974; Hapke, 1981; Johnson, 1983; Clark, 1983; M ustard et ah, 
1998), which cannot be well represented by the linear mixing model. The presence of 
multiple reflections in the mixture has been explicitly shown in some experiments (Roberts 
et ah, 1993; Ray and Murray, 1996; Zhang et ah, 1998).
Various approaches have been proposed with respect to the non-linear mixing by means of 
reflectance models, the non-linear relations of the scattering properties of the m aterial and 
the geometry of illumination and detection. The radiative transfer theory is enijployed in 
order to describe the light scattering within the medium and to express this scattering in 
terms of the reflectance models. However, the equations of radiative transfer are differently 
derived for different kinds of media, e.g. mineral mixtures, vegetation caiioines, etc. These 
m ethods are discussed as follows.
The mineral m ixtures are treated as particulate media. Models to describe the interaction 
of light with particulate surfaces based on the radiative transfer theory (Chandrasekhar, 
1960) have been developed by many investigators in difl’ereiit approaches (Chandrasekhar, 
1960; Ishimaru, 1978; van de Hulst, 1980; Lenoble, 1985; Hapke, 1993). These models can 
explain the light scattering by surface elements with the assumption that these elements 
are homogeneously random ly-distributed within the medium. The scattering properties of 
the medium surface, such as sw ’face albedo and phase function, are of particular interest.
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Albedo is the ratio of the reflected energy by the surface, over the incident energy. The 
phase function expresses the dependence of the relative amount of light scattered by the 
particulate surface, on the angle formed by the incident and viewing directions. These 
terms are explained later in this chapter.
The vegetation canopies are treated as plate media (i.e. canopy elements (leaves) etc. 
are represented statistically as a  collection of infinitesimal plates) (Myneni and Ross, 
1991). The canopy element orientation affects the radiative transfer within the medium. 
Most physical models for the radiative transfer in vegetation canopies are based on, but 
somewhat modified from, the radiative transfer theory for the particulate medium.
In addition, the bulk radiances from vegetation and soil background have also been studied 
(Huete, 1987). In this approach, only interaction between vegetation and soil background 
are of particular interest since the radiance from each component, e.g. vegetation and soil, 
etc., are considered as a bulk radiance, i.e. includes the singly-scattered and multiply- 
scattered radiances.
In this study, the non-linear m ixture is presented in three different perspectives. First, 
a mineral mixture is considered as a particulate medium. A reflectance model, derived 
from the radiative scattering from particle to particle (see figure 2.3(a)), is applied in the 
unmixing problem as presented in chapter 3 and 4. Second, as mentioned, the orientation 
of canopy elements (leaves) causes the scattering behaviour, i.e. from leaf to leaf (see 
figure 2.3(b)), to be different from the particulate medium. Canopy reflectance models 
are derived on this basis as discussed in this chapter and a new canopy reflectance model 
is proposed in cha]:ter 5. Finally, the spectral mixture analysis can be employed when the 
bulk radiance from each component and only the interaction between the vegetation and 
soil background are assumed (see figure 2.3(c)). A new simple model is developed from 
this approach as presented in chapter 6 .
2 .3 .1  R e f le c ta n c e  m o d e ls  for p a r t ic u la te  m e d ia
The bidiî'ectional reflectance of a medium is defined as the ratio of the scattered radiance at 
the detector over the incident irradiance (Hapke, 1993). In order to model the reflectance
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Figure 2.3: The interaction of light within media in a non-linear mixture.
of such a surface, the scattered radiance from the medium has been widely studied in the
radiative transfer theory.
2 .3 .1 .1  T h e  ra d ia tiv e  t r a n s fe r  e q u a tio n
Consider a flat horizontal layer of medium, which is perpendicular to the axis, has
thickness T, and is illuminated spatially uniformly across the top surface. The specific 
intensity at any given wavelength for unpolarised radiation and no radiation source in the 
canopy is given by an integro-diflerential equation (Chandrasekhar, 1960):
- p — {z,r) = - a E { z , r ) I { z , r ) + f  a s { z ,r '  r ) I { z ,r ')d r ' , 0 < z < T  (2.5)
O Z  J  47t
where oe is the volume extinction coefficient, and as  is the differential volume scattering 
coeff},cient for photon scattering from direction v' into a unit solid angle about direction r. 
The unit vector r( / i ,  f )  has an azim uth angle f  and zenith angle 0 — cos“  ^//, w ith respect 
to the outward normal. The differential volume scattering coefficient a s { z ,r '  -4- r) related 
to the volume scaMering coefficient as>[z,v') by:
0 's (2 .6 )
where p is defined as the probability of scattering to direction r, given that a scattering 
event has been occurred by the incidence of radiation from direction r ' (Myneni and Ross, 
1991). p is called the normalised phase function since
—  f  p{r' —> r)d r  =  1 47r (2 .7)
14 Chapter 2. Background and literature review
Many investigators have used empirical methods to obtain the phase function by various 
approaches as will be explained later in this chapter.
The extinction and scattering coefficients {oq and Og') are related to their corresponding 
volume couterparts by
Oe  =  UOe (2 .8 )
as> =  ucTsi (2.9)
where u is the particle cross-section area density. The single-scattering albedo w{z,v)
denotes the probability of scattering given tha t a  collision has occurred and is defined
as the ratio of the scattering coefficient to the extinction (total interaction) coefficient 
(Myneni and Ross, 1991):
=  a l ( f r )
- / / . ^ ( r , r )  =  - / ( r , r )  +  ^  /  p(r' -4 r ) l (r ,r ')d r '  (2.11)o r  47T J 47t
W ith these definitions, equation (2.5) may be re-written as: 
d l .
where the optical thickness r (z)  is defined as:
r(z)  =  I (TE[z,r)dz (2 .1 2 )Jo
A certain position a t depth r  from the surface of a medium is illuminated by both  the
light which has penetrated to depth r  without collision /^, and by the light which has
been scattered once or more times /*’ in the canopy. Let
/{T,r) =  /» ( r ,r )  +  /»(T ,r) (2.13)
The uncollided intensity in depth r  can be found from the incident solar flux density 
7t J  as
r )  =  <5(r -  rg)7rJ e x p ( r / / i s )  (2.14)
If we substitute / ( r ,  r )  from equation (2.13) into the second term  on the right-hand side 
of (2.11) (the I  on the left-hand side and the first term on the right-hand side of ecpiation
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(2 .1 1 ) represent the intensity of radiation which has been scattered at least once, i.e. 
/■'''(r, r)), we obtain:
W  f  'ID- / ' • - ^ ( d O  =  -^^ (T ,r) +  —  ^  p{r' -> r ) r { r ,v ' )d r '  +  —p(i\s r) J  exp(r///,s) (2.15)
This radiative transfer equation is a linear integro-differential equation. Numerical m eth­
ods have been used to provide the solution to a high degree of accuracy. W ith some 
assumptions and approximations, analytic solutions have also been proposed.
2 .3 .1 .2  T h e  so lu tio n  fo r th e  ra d ia tiv e  t ra n s fe r  e q u a tio n
Some widely-used methods are reviewed in this section, particularly the solution in an 
analytic form since the analytic solutions of the radiative transfer equation are used for 
unmixing and in the derivation of a new model in this thesis.
T h e  M o n te  C a rlo  m e th o d  This m ethod is accurate and suitable for complicated 
geometries and highly anisotropic particle phase functions, but requires a large amount 
of computer time. Photons are considered to be rays of light which incident a medium. 
At each computational step, these photons may be scattered through a given angle and 
be absorbed by the medium with a certain probability. This com putation is repeated 
until each photon either is absorbed or leaves the medium. The process is continued until 
adequate statistics are built up for all directions of scattering. Photons that contribute to 
the observed brightness can be calculated as if they travel either from the source to the 
detector or in the opposite direction, as convenient.
T h e  ra d io s ity  m e th o d  This method describes an equililorium radiation energy balance 
w ithin an enclosure that contains N  discrete differentially reflecting surfaces (Borel and 
Gerstl, 1991). All differential surfaces are assumed to be diffuse (Lambertian). The 
radiosity of a differential surface is defined to be the sum of the radiance em itted and 
reflected from that area and includes the total radiance scattered and transm itted onto 
the surface by other differential surfaces. An energy balance equation is set up for each 
surface. Thus, N  coupled differential equations are prepared for N  differential surfaces.
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Although the degree of accuracy of this method is high, the detail of position, orientation 
and shape of each differential surface must be provided.
T h e  d o u b lin g  o r a d d in g  m e th o d  This numerical method was developed by van de 
Hulst (1980). This method is efficient in terms of computer time and is useful for 
anisotropic particle phase functions. Even though the practical calculation is complicated, 
the concept is simple to understand.
Figure 2.4: Two thin layers in doubling method.
There are two identical layers of particles in the first consideration (see figure 2.4). Each 
layer has a  reflectance i?, and transm ittance T  where i? is a m atrix operator th a t describes 
the fraction of light reflected into all directions in the source hemisphere from the light 
incident the layer in direction Oq, and T  is an operator th a t describes the fraction of light 
transm itted into all directions in the hemisphere in the opposite side of the source.
The formula for reflectance of these two layers can be w ritten for reflectance as
R' = R  + T R T  +  T R R R T  +  T R R R R R T  +  ...
=  /?. +  T { I  +  RR. +  R R R R  +  ...)RT  
= R  + T { I  -  R R ) - ^ R T
where I  here means the unit matrix, and superscript —1 means inverse. Similarly, the 
transm ittance is :
T ‘ =  T T  +  T R R T  +  T R R R R T  +  ...
=  T { I  +  R R  + R R R R  +  ...)T 
=  T ( / - i ? .R ) “ ^T
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Since ('.lie operators R  and T  are specified, the inverse operator ( /  — RR)  ^ and the 
reflectance and transm ittance of the double layer can be derived.
The calculation starts with a very th in  layer with known reflectance R  and transm ittance 
T. An identical layer is then added and matrices R' and T '  of the double layer are 
computed. This layer is again doubled with R'  and T '  becoming the R  and T  for the new 
double layer. The R'  and T '  of the quadrupled layer are then calculated. The process 
continues until the optical thickness of the final layer is desired. This m ethod can also be 
modified to calculate layers which have diflTerent properties.
T h e  m u lt i- s tr e a m  m e th o d  The m ulti-stream  method was used by Chandrasekhar 
(1960). An approximate analytic solution of the radiative transfer equations can be ob­
tained. The sphere of all propagation directions D is divided into N  cones (sections) of 
solid angle AQ j  where j  = 1 ,.., 1V (Hapke, 1981). The radiative transfer equation for a 
differential solid angle is integrated in solid angle over each cone AQj, and each resulting 
equation is divided by A il j .  This gives N  linear, first-order, coupled differential equations 
for N  cones of solid angle over the sphere. The numerical solution can be computed from 
these equations.
In the m ulti-stream  approach, if A" =  2, the method is known as the two-stream or 
Schuster-Schwarzs child method. Then the radiative transfer equations can be solved an­
alytically.
2 .3 .1 .3  T h e  a n a ly tic  so lu tio n
H a p k e ’s m o d e l Hapke (1981) presented a comprehensive work on the solution of the 
radiative transfer problem for a particulate medium by deriving a first-order analytic 
expression relating param eters such as the bidirectional reflectance and single-scattering 
all)edo. He derived the bidirectional reflectance model of a medium surface by a two- 
stream  method. The details of the derivation of this model can be seen in his original 
work (Hapke, 1981). The reflectance models used and proposed in this thesis are based 
on this model. A brief discussion of this model is provided here.
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Hapke considered the scattering within an infinitely thick medium into two components, 
separately, the single and multiple scattering components. The solution for the single 
scattering was derived in an exact way. The two-stream m ethod was used to approximate 
the multiple scattering solution with the assumption of isotropic scatterers.
The model of bidirectional reflectance derived by Hapke (1981) is w ritten as
^  \p{g) T  H {pq)H{p ) -  1], (2.16)47T H q -h p
where i = cos“ ^(//.o) is the incident zenith angle, e =  cos~^{p) is the viewing zenith angle 
where p{g) is the phase function, g is the phase angle which is the angle of the incident 
direction with the direction of scattered radiance, and H  is an approximated function
=  I T v f c -
Hapke has compared his approximate solution for the H  function with the exact one de­
rived by Chandrasekhar (1960). The result is good enough to use in practical applications, 
as the error is better than 4% compared with the exact values.
For the phase function, Hapke (1981) suggested the use of an empirical scattering function 
expressed in terms of Legendre polynomials
oo
pifj) = Y^àjPj{g)  (2.18)
j=0
where bj are the empirical values known as asymmetric factor. The first-order expansion 
in terms of Legendre polynomial is in the form
p{g) = l + bi cos{g) (2.19)
where —1 < b\ < 1 .
The Henycy-Greenstein function which is in the form
=  ( l  +  02-~20COSn)3/2
where is the scattering angle and O =  tt — i/, and 0  is the asymmetry factor ranging
from — 1 (backward scattering) to + l  (forward scattering), has also been widely used for
the phase function (Verstraete et ah, 1990).
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Hapke also introdiiced the bidirectional reflectance including the opposition effect, a sharp 
surge in brightness around zero phase angle when the viewing direction is very close to or 
exactly opposite from the incident direction (Hapke, 1993), as
r { fe ,g )  = {[1 +  B{g)]p{g) +  H {pq)H{p ) ~  1} , (2.21)4?r po +  p
where
“  1 +  tan(ff/2)//»’
is the opposition or hot spot function, h is the angular width of the hot spot and B q is the 
am plitude of the hot spot peak.
Although Hapke’s model is compact in an analytic form, all model param eters, e.g. w, 
the single-scattering albedo; b, the asymmetric factor for the phase function; and h and 
B[) the angular w idth and the amplitude for the hot spot function, respectively, must be 
estim ated in order to model the bidirectional reflectance of such a surface.
The single-scattering albedo is of interest for the unmixing problem since the single­
scattering albedo of a mixture is a linear combination of the single-scattering albedos 
of the components in the mixture. This approach has been used by several researchers in 
nonlinear unmixing problems (Clark and Roush, 1984; M ustard and Pieters, 1989; Mus­
tard  et ah, 1998) and also used in this work for the comparison with the linear mixing 
model ill chapter 3.
In addition, equation (2.21) is the basis for the analytic approximations in reflectance 
spectroscopy. The ability of this equation to describe the bidirectional reflectance of a 
wide variety of particulate surfaces has also been tested in several papers (Hapke and 
Wells, 1981; Johnson, 1983; Clark and Lucey, 1984).
K u b e lk a -M u n k  th e o ry  One of the most im portant approximations to the radiative 
transfer equation is the Kubelka-Munk (KM) four-flux approximation for a parallel-plane 
medium (Kubelka and Munk, 1931). The radiation within the medium is considered 
into two flux groups, the diffuse and specular fluxes. The diffuse flux is described by 
two monochromatic fluxes and A+, travelling in the downward and upward direction,
20 Chapter 2. Background and literature review
respectively, and perpendicular to the medium plane, see figure 2.5. Similarly, the specular 
lights are described by two fluxes F_ and F+. The diffuse fluxes can be absorbed or 
scattered in the medium by means of two param eters a  and 7 , which are the absorption 
and scattering coefficients, respectively. These parameters are assumed to be the same for 
both diffuse fluxes. The variation of specular fluxes is described by three parameters: a.,, 
the absorption coefficient in the specular flux, and and 5 2 , the scattering coefficients 
of the specular beam into a diffuse flux in the same and opposite direction, respectively 
(Goel, 1988). These param eters are also assumed to be the same for both specular fluxes.
D irection ol'.specular ilnx
:.=0
D ow nw ard d iffuse llux
Layer 1I
Upw ard d iffuse lluxLayer .1
F ig u r e  2.5: A layered canopy
The radiative transfer equation is approximated by the set of equations: 
d.E^ — —( a  +  ' y )E— +  +  5ii^_ +  52^^+ (2.23)
=  — (ct +  ' j ) E ^  +  7 ^ — T  ^iE-\- T  S 2 F— (2.24)
— — (cKg +  5 i +  S2)F— (2.25)
=  — (ci's +  S i  +  S 2 ) F ^  (2.26)
where r  is the optical thickness defined as in the previous section. The sum of param eters 
a  and 7  is defined as extinction coefficient for the diffuse fluxes, and the sum of o:*., Si  
and S 2 is also defined as the extinction coefficient for the specular fluxes.
If we assume that the specular reflection exists only in the downward direction {F+ = 0), 
this is known as the three-flux Diintley equations which involves five param eters ( a ,7 , a;.,, 5 i, S 2 )
d{-T)
dE^
d(r)
dF_
d { ^ )
dF+
d{r)
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(Goel, 1988). If the specular reflection is totally absent, we have a two-flux, two-parameter 
(or, 7 ) KM theory.
Equations (2.23)-(2.26) are linear difterential equations. The l)Oundary conditions can be 
applied to solve these equations in different approaches in various models.
2 .3 .2  R e f le c ta n c e  m o d e ls  for v e g e ta t iv e  m e d ia
In order to explain the radiance distribution within a vegetation canopy, the radiative 
transfer equations derived in the previous section must be somewhat modified, or certain 
approximations must be made to both  the model of the canopy and the equations.
Before the radiative transfer equations for vegetation canopies are presented, we first 
describe the model of the canopy structure. Then the canopy reflectance models, which 
are the analytical solutions of these equations, are briefly reviewed. A comprehensive 
review in canopy models can be found in the work by Goel (1988).
2 .3 .2 .1  C a n o p y  a rc h i te c tu re
The radiation within a plant stand depends on the amount of leaves and other vegetation 
elements obstructing the beam of radiation, on the spatial distribution and the m utual 
shading of leaves, on their size and orientation, etc. Since the detailed description of a 
canopy architecture is highly complicated, then only simplified characteristics of archi­
tecture are usually used in radiative transfer theory. In addition, in many stands the 
main shading and scattering elements are leaves, and other vegetation elements are often 
neglected.
L e a f  a re a  in d e x  The height h of a plant stand is measured from the ground surface 
(z =  0) to the upper level of the stand. In many situations, the height of the stand 
agrees with the height of the foliage hi. The widely used characteristic leaf area index, 
L q, is defined as the area of leaves (upper side only) within a vertical cylinder of unit 
ci'oss-section and height hi (Ross, 1979). The vertical distribution of the foliage area is 
characterised by a leaf area density function 'Ui(z), which determines the leaf area in unit
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space volume at the height z. Hence, the leaf area index can be found by;
L q  — I  ui{z)dz (2.27)./o
In radiative transfer studies, the downward cumidative leaf area index L{z) is used, defined 
as;
L{z) = J  ui{z)dz (2.28)
Thus L{z) determines the leaf area contained in a vertical cylinder w ith unit cross-section
located in the upper layer of the stand between levels z and h/. From equations (2.27)
and (2.28), it follows that L q  = 1/(0).
L ea f an g le  d is t r ib u t io n  a n d  th e  G -fu n c tio n  The orientation of leaves is charac­
terised by the mean leaf inclination 0 /, which is the angle between the local vertical and 
the normal to the upper side of the leaf. Ross (1981) defined the distribution function of  
leaf area orientation g i{z ,r i)  (often termed leaf angle distribution function) at height z 
as the part of leaf area oriented with normal rjr, with an inclination 6i and an azim uth 
orientation 0 /, which satisfies the condition
7 ^  f  r/,)drf, =  1 (2.29)27T J 2 it
If there is no preferred azimuth orientation, as is assumed in most analyses, then gi{z,VL,) = 
gi{z,Oi) and dr/, =  sind;dd/d0/, equation (2,29) may be simplified to;
/ ■ 7 r /2
I gi{z,9i)sm6id0i = I (2.30)
Various general analytic functional descriptions of the leaf angle distribution function 
gf(^,r/,) have been developed, e.g. the beta distribution (Goel and Strebel, 1984), the 
elliptical distribution (Nilson and Kuusk, 1989), and the function defined by Goudriaan 
(1977), alongside the descriptions of idealised distribution functions in specific models 
by Ross (1981). These allow the distribution to be described with a small number of 
param eters in terms of which, in some cases, the solution of the radiative transfer equation 
can be derived analytically.
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The specific models for the idealised leaf angle distribution are normally in simple forms. 
These models are often described in terms of gl{6i) (— g{Oi) s'mOi) for convenience. Ex­
amples of these idealised function are (Ross, 1981):
(a) Constant ~  ^o) inclined at 0q
(b) Spherical (uniform) g1{9i) — sm{Oi) randomly distributed
(c) Planophile g*{9i) = ^  cos“{9i) predominantly horizontal
(d) Erectophile gf {91) — ^  sin^[91) predom inantly vertical
(e) Plagiophile ^ sin^(2 ^() predominantly at 45°
(f) Extremophile gf (9i) — ^  cos^{29i) Predom inantly at 0 and 90°
Although the extremophile does not actually occur in nature, it is useful as a comparison 
w ith other idealised functions when plotted against the leaf normal zenith angle in figure 
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F ig u r e  2.6: Idealised leaf angle distribution (after Ross (1981))
Ross (1981) also defined the leaf area orientation function G (z ,r) , a unitless geometry 
factor (often called ‘the G-function’) as
J r 2 n  rTi/21r)  =  —  J  J  gi{z,r £ ) |r i  ■ i-| s in ti,d6,d<l>i (2.31)
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where r  is the unit vector of a given direction, determined by inclination 6 and azim uth 
orientation </», tl is the unit vector of leaf normals, given by 6i and and
FjT, • r  =  cos 0 cos 9i + sin 9 sin 6i cos{(p -  (j){) (2.32)
The G-function may be interpreted as the mean projection of a unit foliage area in the 
direction r. From equation (2.31) it follows that in a uniform distribution of foliage G —
If the direction r  coincides with the solar beam and the efiective mean leaf normal is 
then G(i's) is independent of z and equal to G(rg) =  |rg - y l e V where is a  unit vector 
pointing to the sun.
The ejfectivc leaf area index in direction r  can be computed from (Ross, 1981)
L qe{y) =  ^  ui,{z)G{z,r)dz % G(r)Lo (2.33)
Thus, the G-function characterises the dependence of the effective leaf area on both  the 
beam direction and the leaf orientation.
2 .3 .2 .2  R a d ia tiv e  t ra n s fe r  b ased  m o d els
The basic radiative transfer equation has been applied to the canopy model. This basic 
radiative transfer equation for a p a r t ic u la te  medium does not take into consideration the 
leaf characteristics, i.e. leaf area index, leaf angle distribution, etc. The radiative transfer 
theory for a  p la te  medium (a plate medium consists of lots of planar surfaces as opposed 
to spherical particles which make up a particulate medium) should better be used in order 
to describe those leaf characteristics in the canopy model. In this section, the radiative 
transfer equation for a plate medium is discussed.
A widely accepted simplification is the assumption th a t the canopy is horizontally and 
vertically uniform, i.e. the characteristics of the stand architecture and radiation do not 
vary within a horizontal layer or with height, and the canopy surface is assumed to be 
homogeneous in the field-of-view of the sensor.
In a plate medium, the volume extinction coefficient defined as the probability per unit 
path  length of travel that the photon hits a leaf (Ross, 1981) is:
crg(z, r) =  ui{z)G{z, r) (2.34)
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where Uj is the leaf area density and G is the mean projection of a unit leaf area in the 
direction r  defined by equation (2.31). We define the optical thickness as:
t { z )  =  f  ui{z)G{z,r)dz  (2.35)Vo
Using these definitions, the radiative transfer equation for the plate medium can then be 
arranged in the same form as of the particulate medium case in equation (2.15).
The complexity of the radiative transfer equations for the vegetation canopies excludes 
analytical solution (Asrar, 1989). Although numerical solution methods c:an achieve a high 
degree of accuracy and deal with realistic conditions, they require long com putational time. 
Most models in this approach generate the bidirectional reflectance of the scene from the 
known illumination and viewing directions and detail canopy architecture models and 
physical characteristics. Reviews of these models can be found in (Goel, 1988; Asrar, 
1989; Myneni and Ross, 1991).
Analytical methods are capable of producing results in a closed analytical form (Asrar, 
1989). Some approximations have been made in the cano])y model derivations. The 
usefulness of these methods is that they can be rapidly inverted in order to estim ate the 
biophysical properties of the vegetation canopies. Some of these models are reviewed in 
what follows.
H a p k e -b a se d  m o d e ls  Hapke (1981) derived the approximate solution for the radiative 
transfer equations to model the bidirectional reflectance of particulate media as described 
earlier. This model is an analytical model and has been widely used in planetary obser­
vations. The single-scattering component was derived exactly. The multiple-scattering 
component was evaluated using a two-stream approximation.
Verstraete et al. (1990) followed the Hapke (1981) model l)y taking into account the gen­
eralised description of element (leaf) orientation and geometric arrangement of scatterers 
in order to model the bidirectional reflectance of vegetation canopies. The analytical ex­
pression of canopy reflectance was derived by assuming that the canopy was dense and 
infinitely optically thick. This means tha t the scattering from the soil surface was ne­
glected and only the scattering from the leaves was considered in the model derivation.
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The model param eters were related to the canopy optical and structural properties. The 
single-scattering albedo is an im portant optical model param eter which can be directly 
related to leaf reflectance and transm ittance. The canopy structural param eters, leaf angle 
distribution and leaf area index, were estimated by means of the leaf inclination index %/ 
in the G-function (Ross, 1981) (the Goudriaan (1977) analytical approximation function 
was used) and the hot spot function, respectively. The treatm ent of the hot spot in this 
model is somewhat similar to Hapke’s original work but the leaf angle distribution and 
leaf area index were also taken into account. The Henyey-Greenstein empirical function 
was used to explain the leaf scattering phase function. In this model, the bidirectional 
reflectance from the canopy is seen to be dependent on the leaf single-scattering albedo, 
leaf inclination index, and two empirical param eters, an asymmetric factor for the phase 
function and a param eter related to the distance between leaves.
Pinty et al. (1990) validated this modified model against canopy reflectance from soy­
bean reflectance data  (Ranson et al., 1984). The results showed that the estimated leaf 
reflectance and transm ittance agree well with the measurement da ta  though the leaf incli­
nation index appeared to be wavelength-dependent. Leaf area index was not derived since 
the simplified hot-spot function was applied in the model validation. There is no report 
that the hot spot function of this model is better than that derived by Hapke.
laquinta and Pinty (1997) improved the Verstraete et al. (1990) model in order to ac­
count for the effects due to an underlying soil below the vegetation canopy by assuming 
a Lam bertian soil surface. The single-scattering component was derived analytically with 
the help of the analytical hot-spot description. The multiple-scattering component was 
numerically approximated on the basis of a Discrete Ordinates M ethod for the one-angle 
problem and under the assumption that a leaf is an isotropic scatterer.
Ahmad and Deering (1992) derived an analytical model using some derivation of Hapke’s 
model. The hot spot derived by Hapke was modified to coincide with their field obser­
vations. However, the leaf orientation and geometric arrangement were not taken into 
account in this model.
Most Hapke-based models are in compact analytical forms. A small number of param e­
ters were used to model the canopy bidirectional reflectance. Therefore, the inversion of
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these models to estimate the biophysical param eters are possible and fast in computation. 
However, a few empirical parameters, e.g. asymmetric factor in the phase function and 
tlie angular width in the hot spot function, cannot be directly measured in the field ob­
servation. In addition, these models were derived by the assum ption that the canopy is 
infinitely thick or that there is an underlying layer with Lamliertian properties,
A canopy reflectance model proposed in this thesis, in chapter 5, is also based on Hapke’s 
derivation. The model accounts for a non-Lambertian background and is in an analytical 
form.
N ilso n -K u u sk  m o d e l Nilson and Kuusk (1989) described the canopy bidirectional re­
flectance as the sum of the single-scattering component from the canopy and soil, and the 
m ultiple-scattering component obtained from the solution derived using the two-stream 
m ethod by Ross (1981). The equation for the single scattering of canopy elements was 
derived by using the dependence on the joint probability of free lines-of-sight a t a  certain 
canopy depth. The correction factor for the hot spot effect was included. This model 
also accounts for the anisotropic scattering from soil surface using the empirical formula 
suggested by W althall et al. (1985).
The two-parameter elliptical distribution was employed for the leaf angle distribution 
by means of the G-function and the leaf scattering phase function. However, the phase 
function must be calculated numerically. This model may be considered as a hybrid 
analytical-numerical solution.
All model param eters can be measured in the field observation. So, these can directly be 
used in the model validation. The drawback of this model is the time consumed in the 
numerical calculation and the empirical model for the reflectance of soil.
K u b e lk a -M u n k  b a se d  m o d els  Suits (1972) proposed a canopy bidirectional reflectance 
model based on the Kubelka-Munk theory, known as the Suits model. This model pro­
vides approximate linear differential equations for the horizontally projected upward and 
downward diffuse flux with an assumption of a Lam bertian soil background. A depen­
dency on leaf angle was introduced by defining the canopy composed of diffusively reflect­
ing and transm itting leaf elements with horizontal and vertical alignments. Param eters
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(a ,7 , a-.,, S'l, ^ 2 ) ill Diiiitley equal,ions in (2.23)-{2.26) were related to these leaf angle de­
scriptions. An analytical solution to the directional reflectance is found by integrating the 
vertical extent of the canopy. However, the attem pt of simplifying leaf angle (the leaves 
were only projected to the horizontal and vertical directions) makes this model unrealistic 
for real canopies as it was shown by experiments (Chance and LeMaster, 1977).
The SAIL  model (Verhoef, 1984) (Scattering from Arbitrarily-Inclined Leaves) is an ex­
tension of the original Suits model. The leaf angle distribution gi{di) was treated more 
realistically. The param eters in the Duntley equations were defined by discretising gi{0i,) 
into a  set of 13 constant leaf angles, from 0 to 90°. This analytical model is fast to com­
pute and has a small number of parameters. It has been widely used to model canopy 
reflectance by several investigators, e.g. (Goel and Deering, 1985; Coward and Huemmrich, 
1992; Duke and Guerif, 1998).
Badhwar et al. (1985) stated the limitations of Suits and SAIL models, for example, the 
assum ption of isotropic scatterers in the canopy elements which is unrealistic for many 
types of leaf, the neglect of mutual shadowing which makes the hot spot function incom­
plete, and the assumed Lam bertian soil background which may not be applied well in 
many cases of vegetation canopies.
2.3 .2 .3  G eom etric-op tica l m odels
The geometrical-optical models have been proposed to overcome the complexities for the 
forest canopy in which inhomogeneity can be observed in the fleld-of-view of the sensor. 
In the geometric-optical model, the signal received by the sensor is modelled as a linear 
combination of reflected light from tree crowns, their shadows, and the background within 
the field of view of the sensor. The model can be calibrated with field data  describing the 
geometry of individual trees and the distributional properties of the trees w ithin forest 
stands.
The Jansinski and Eagleson (1989) and the Li and Strahler (1985) geometric models are 
designed to yield estimates of the size and density of trees from remotely sensed images. 
It relies on the three-dimensional structure of the canopy as the prim ary factor influencing 
reflectance from the canopy. The model assumes tha t the satellite measurements (pixels)
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are larger than the size of individual tree crowns, but still smaller than the size of forest 
stands. Jansinski and Eagleson (1989) modelled the tree crown with three different shapes, 
e.g. cone, spheroid, cylinder. For such shapes, only the nadir canopy reflectance could 
lie calculated. Li and Strahler (1985) modelled a tree by a cone. The off-nadir canopy 
l eflectance could be obtained.
These models have been considered as a type of linear spectral m ixture model, where the 
reflectance of each pixel in a forest stand is modelled as the area-weighted average of four 
spectral components: sunlit and shaded tree canopy and background. The proportion of 
the pixel covered by the shaded components is estimated using crown geometry, and thus 
canopy cover can be isolated. However, the bulk reflectance component of a tree crown, 
which is used as the endmember in the spectral mixture analysis, cannot be directly 
obtained from the field measurement. In addition, in the model validation, the shaded 
components must be approximated by certain values, e.g. zero value or the reflectance 
of water bodies in the same area (Hall et ah, 1995). The non-linear mixing model can 
be applied to calculate the light interaction within the tree crown for the sunlit tree 
component and between tree crown and the background. This combined approach obtains 
a geometric-optical radiative-transfer-based or hybrid model.
2 .3 .2 .4  H y b r id  m o d els
The radiative transfer theory has been well applied to explain the light scattering w ithin 
the canopy. The geometric models have been employed to overcome the complexities of 
the vegetation canopies. Various hybrid models have been developed with the help of these 
two approaches. They have been reviewed in detail by Goel (1988). Only some recently 
proposed models are briefly discussed here.
G eoS A IL  m o d e l Huemmrich (1995) proposed a hybrid model which combined the ra­
diative transfer theory with the geometric model. The SAIL model (Verhoef, 1984) was 
combined with the Jansinski and Eagleson (1989) geometric model to simulate canopy 
spectral reflectance and absorption of photosynthetically active radiation for discontinu­
ous canopies. Tree shapes are described by cylinders or cones distributed over a plane.
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Spectral reflectance and transm ittance of trees are calculated from tlie SAIL model to de­
termine the reflectance of the three components used in the geometric model: illuminated 
canopy, illuminated background, shadowed canopy, and shadowed background. Only the 
hemispherical reflectance can be obtained at the nadir view.
N i e t  al. m o d e l Ni et al. (1999) derived the analytical solution of the radiative transfer 
equation for the canopy and applied it to the Li and Strahler (1985) geometric model. All 
scatterers, canopy elements and soil, were considered to be isotropic. Recently, Ni and Li 
(2000) modified their model to account for the anisotropic scattering from the background. 
Hapke’s original model (Hapke, 1981) was applied to describe the anisotropic background. 
However, the isotropic assumption still exists in the derivation of the radiative transfer 
solution.
L in e a r-k e rn e l d r iv e n  m o d el This semi-empirical model was proposed by Roujeaii 
et al. (1992). They assumed that the surface reflectance is the sum of two different 
reflection components: (1) the diffuse reflectance component taking into account the ge­
ometrical structure of opaque reflectors on the surface, and shadowing effects, and (2) 
a volume scattering contribution by a collection of dispersed facets which simulates the 
volume scattering properties of canopies and bare soils. In the geometric component, they 
assume that the sub-pixel surface contains a large number of identical protrusions which 
are randomly distributed inside the sub-pixel surface. The analytical fractions of the il­
luminated and shadowed facets are derived. For the volume scattering component, the 
radiative transfer theory is employed to model the bidirectional reflectance. The analytical 
form of the single scattering derived by Ross (1981) is used for this component by further 
assuming tha t the multiple scattering is negligible.
The summ ation from the two components is simplified with many assumptions. As a 
result, their bidirectional reflectance model can be w ritten as:
r('i, e, </») = ko + k i f i ( i ,  e, (p) -f k2f2{h e, 0) (2.36)
where f \  and / 2  are the analytic function of the solar and viewing angles. Param eters ko, 
kl and ko are related to the model param eters of the sub-pixel scale surface.
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This model is in a simple linear expression. Some results from the validation shows 
that, in general, the model simulates reflectance well. However, it does not fit well the 
reflectance data  obtained from corn and forest canopies. It also appears to work better 
for canopies with low leaf area index (LAI) than high LAI. This model has been extended 
to the AMBRAL (Algorithm for MODIS Bidirectional Reflectance Anisotropies of the 
Land Surface) model (Wanner et ah, 1997) which is the model used for the bidirectional 
reflectance data  obtained from the MODIS instrum ent (on-board Terra satellite).
4 -S cale  m o d e l The 4-Scale model by Chen et ah (1997) is used to simulate the re­
flectance from the complex system of vegetation canopies. The 4-Scale model considers 
the light interactions in many scales. The model simulates tree crowns as discrete geomet­
rical objects, e.g. cone, cylinder and spheroid. Trees are noii-randomly distributed in the 
field-of-view of the sensor. Inside the crown, the branch architecture and leaf orientation 
are taken into account. The model is arranged into a system of linear equation (similar to 
the Li and Strahler (1985)’s model). The radiative transfer theory is ai^plied only in the 
explanation of the shadowed components.
This model is suitable for simulating the bidirectional reflectance of the complex system 
of vegetation canopies, particularly pine forest.
2 .3 .3  S p e c tr a l m ix tu r e  a n a ly s is  a p p ro a ch
In this approach, the canopy reflectance of the surface within the field-of-view of the 
sensor is assumed to be the linear combination of bulk reflectances of components, e.g. 
vegetation, and badcgroimd. Most spectral m ixture models ignore the interaction between 
c.omponents w ith the assum ption of the linear mixture. Several investigators have proved 
the significance of the non-linear mixing between components as follows.
llol)erts et al. (1993) observed the non-linear mixing from the cano]3y shadow which was 
added as another component in the linear mixing model. Non-linear mixing was presented 
and expressed as variations in the fraction of each endmember when the linear mixing 
model was applied to spectral subsets of the entire spectrum.
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Borel and Gerstl (1994) developed a simple non-linear mixing model by assuming simple 
canopy geometries and deriving the solution of the radiosity model (a brief discussion of 
this model is provided in section 2.3.1.2). They considered the canopy as layers of hori­
zontal, non-overlapping Lam bertian disks (leaves) above a Lam bertian soil surface. The 
analytic expressions for the linear and non-linear spectral mixing models were presented. 
They showed that the non-linear spectral mixing occurred due to multiple reflection and 
transmission from surfaces.
Ray and Murray (1996) presented the existence and importance of nonlinear spectral 
mixing in arid-region vegetation. A simple non-linear spectral mixing model was used to 
model the light interaction with plants (leaves) and different backgrounds, i.e. bare soil 
and black colour paper (very low reflectance). The interaction of light between plant and 
bare soil was found to be distinct when compared with the interaction between plant and 
black surface. They concluded tha t the non-linear spectral mixing model is a better model 
to explain the interaction of light between plant and soil than  the linear spectral mixing 
one.
Recently, Zhang et al. (1998) also conducted an experiment to study the non-linear spectral 
mixing. They proposed another simple non-linear spectral mixing model. The model is a 
linear combination of the spectral reflectance components of leaves and soil background, 
and the multiple scattering component. The paths of light which are in the second order 
scattering, i.e. the interactions between leaf and soil, and leaf and leaf, were included in 
this multiple scattering term. They also concluded tha t the non-linear spectral mixing 
model is better for explaining the mixing spectra from the visible to near-infrared range.
2.4 C onclusions
The non-linear spectral mixing model is based on the radiative transfer theory. Several 
reflectance models have been proposed to describe the radiation within the particulate 
medium, e.g. mineral mixture, for utilising the m ixture analysis in Geology and Planetary 
Observations.
In agricultural applications, the quantitative evaluation of the model can provide, as a re-
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suit, the amount of vegetation over the area of interest and the biophysical characteristics 
of vegetation canopies, depending on the application, the methods used and the condi­
tion of the ground area. The reflectance models of the vegetation canopy, the so-called 
canopy reflectance models, have been developed by using the experience gained from the 
reflectance model of the particulate media. The estimation of the biophysical and ar­
chitectural properties of vegetation canopies can be performed by inverting these canopy 
models. However, these models have complicated forms and, for most of the models, the 
solutions can only be obtained by numerical methods. Although some models are ex­
pressed in terms of analytic formulae, a Lam bertian background layer is assumed. This 
introduces some degree of error in the analysis.
In the spectral m ixture analysis, the higher order of interaction within the vegetation 
canopy should be taken into account instead of having only first order interaction alone.
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C hapter 3
A com parative study of linear and  
non-linear spectral m ixing m odels
111 this chapter, the comparative study of the linear and non-linear spectral mixing models 
is presented by an experiment on the iinmixing of powdered-chalk mixtures. Directional 
reflectances (reflectance factors) of the mixtures are recorded in the laboratory using a 
high-precision CCD camera. The characteristics of the camera and light source are ob­
served ill order to correct the spatial and tem poral variations. The unniixing of linear and 
non-linear models are performed. The results from both models are then discussed.
The utilisation of spectral mixing models in this study is presented in section 3.1. In 
section 3.2, the corrections of the spatial and temporal variations due to the camera and 
light source and the estim ation of reflectance factors from the CCD images are discussed. 
The mixtures are unniixed by means of linear and non-linear mixing models in section 3.3. 
Finally, we shall draw the conclusion of this chapter in section 3.4.
3.1 Spectral m ixing m odels
In this section, the utilisation of linear and non-linear spectral mixing models to unmixing 
the proportions of components of m ixtures is presented.
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3 .1 .1  L in e a r  s p e c t r a l  m ix in g  m o d e l
As described in chapter 2, the linear spectral mixing model can be expressed as
,^6^9) ^  +  Ck (3.1)
where is the spectral intensity of mixed pixel (p, q) in the A:th spectral band, Xkj is 
the spectral intensity of a pure pixel of the j th  class, at the A;th spectral band, is
tlie proportion of the j th  class in the given mixed pixel { p , q )  and Ck is the error between 
the m ixture model and the measured data. N  is the total number of pure classes.
The directional reflectances of mixtures can be estimated from the pixel values taken 
from the CCD camera. Each pixel represents the mixed reflectance with its own mixing 
proportions. In the experiments presented later, we shall assume th a t all mixed pixels 
have the same mixing proportions, as they come from the same sample image and the 
m ixture is homogeneously mixed. Then the DNs (digital numbers) in the CCD images 
are averaged to yield a single spectral intensity characterising the sample surface. The 
chromaticity transform ation is performed to normalise the vector of intensity in the 3D 
colour space. The set of equations we have to solve then is:
N
ÿk = ^ M j X k j  (3.2)
3 = 1
where Tj}. is the average chromaticity of the mixture in band k, xi-.j is the average chro­
maticity of pure class j  in band k  and M j  is the proportion of pure class j  in the mixed 
pixels. Note th a t we have as many equations as available bands, while equation (3.1) 
specifies a system of equations with as many equations as number of mixed pixels times 
number of bands. This is because in the approach expressed by equation (3.1) each pixel 
is assumed to have different mixing proportions. The sum of Mf l s  in equation (3.2) over 
all pure classes is constrained to be 1. The solution is found by seeking M j  which minimise 
the expression
E
k
N
ÿ k ~ Y ^  M j X k j  
3 = 1
(3.3)
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3 .1 .2  T h e  n o n -lin e a r  sp e c tr a l m ix in g  m o d e l
Reflectance models can be employed to describe the light scattering w ithin a medium 
by means of the non-linear mixing as presented in chapter 2. As assumed earlier th a t all 
mixed pixels have the same mixing proportions, therefore, the m ixture reflectance, we shall 
discuss later on, can be obtained from the average value of the reflectance estimated from 
the CCD image. Hapke’s model is chosen to be used here since it is in an analytical form 
and it can be simplified into a compact expression with some approximation described as 
follows.
3 .1 .2 .1  T he b id irectional reflectance and spectral m ixing
In the experiment, the reflectance measurements are obtained as ratios of the brightness 
of the sample at a specific viewing geometry to the brightness of a reference standard  
identically illuminated. Since the scattering behaviour of our reference standard will be 
approximately assumed to be a Lambertian surface, the reflectance factor rjr (brightness 
relative to a Lam bertian surface), is given by (Hapke, 1981)
w 1rj?{i,e,X) =  —— —— {[1 + B{g)]p{g) + H{ pq)H{p ) — 1} (3.4)4 po +  p
where ?’f(L  e. A) is the reflectance at wavelength A, w is the average single-scattering albedo 
of the mixture, p = cos e, po =  cos i, i is the incident angle of the collimated light source, 
e is the viewing angle of the detector with respect to the surface normal, g is the phase 
angle formed by the direction to the light source and the direction of the reflected light, 
p{g) is the phase function , B{g) is the hot spot function expressing a sharp surge in the 
brightness a t near zero degrees of phase angle, and H{p)  is Chandrasekhar’s LZ-function 
(Chandrasekhar, 1960) for isotropic scatterers. Hapke’s approximation to the exact H-  
function, which results in an error of less than  4% from the exact values everywhere 
(Hapke, 1993), is given by
= i + w T - t - >
Because we are considering the spectral reflectance for a fixed wavelength range, we may 
drop the explicit dependence of rp  on A and simply write rp(i,e).
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The mixtures are considered as semi-infinite media of isotropic scatterers. The particle 
(grain) size is assumed to be much larger than the wavelength of light under consideration. 
So all samples have the same constant phase function (Hapke, 1981) and all reflectances 
are measured with phase angle greater than  15°, so th a t the hot spot described by B{g) 
is negligible (Hapke, 1986). A constant phase function is assumed, i.e., the scattering 
behaviour of samples is isotropic with p{g) = 1. Substituting these assumptions into (3.4) 
gives a simplified form of Hapke’s model as;
From the variables tha t appear in this equation, the single-scattering albedo is of interest 
because it is used to predict the mixing model of non-linear mixtures. The average single­
scattering albedo of a m ixture is a  linear combination of the single-scattering albedos of 
each pure class in the mixture. The relationship is given by (Hapke, 1981)
_  ^  E ; [^ j^Qsj/ipjDj)  ^Wj
W    r  Î (3-7)
where Mj ,  Q e j , Pj>. Dj ,  and Wj  are the mass fraction, extinction efficiency, single-particle
density, average effective particle size, and single-scattering albedo of the j -t li  component 
in the mixture.
Hapke (1993) suggests tha t in a close-packed medium, as powder or soil, the extinction
efficiency can be considered to be unity. So that (3.7) becomes
This expression has been widely used by several investigators (Clark and Roush, 1984; 
.Johnson, 1983; M ustard and Pieters, 1989).
If the single particle density and average effective particle size of all components are 
approximately the same, equation (3.8) simplifies to:
3.2. The iusf,ruinent setting and the m ixtures 39
3 .1 .2 .2  T h e  n o n -lin e a r  u n m ix in g
The single-scattering albedo of all pure and mixed classes is first estim ated before the 
unmixing can be performed. The single-scattering albedos w is sought so th a t it minimises 
which is defined as
(3.10)J
where ov, ?•*, if, and et are the measurement error, the measured reflectance value of 
a m aterial, the incident angle of the light, and viewing angle of the t-th experiment. 
7'F it, et) is the theoretically predicted bidirectional reflectance by equation (3.6) for 
the till imaging arrangement. So this m ethod requires the measurement of the reflectance 
of the m ixture for several imaging geometries, in order to obtain a  reliable value for its 
albedo.
We define tupj to be the single-scattering albedo of component ;/th at spectral band A;th. 
Therefore, the albedo of a m ixture is:
where wj,, is the average single-scattering albedo of the mixture in the &th spectral band.
The pure class and m ixture single-scattering albedos derived by (3.10) are then used to 
solve equation (3.11) in the least square error sense again. According to M ustard and 
Pieters (1989), the sum of mass fractions, E 7 My, should not be forced to be one, because 
the model should return  the accurate answer without any constraints. Any deviations 
from the expected answers can be explained by the imperfections of the model or the 
assumptions. In addition, the unity constraint can introduce systematic errors when we 
fit the calculated to the measured spectral reflectances. These errors are unrelated to the 
capability of the model or the precision of the measurements (M ustard and Pieters, 1989).
3.2 T he instrum ent settin g  and th e  m ixtures
The linear and non-linear mixing models will be compared by a laboratory experiment. 
Powdered chalk in different colours was used as pure class samples and was mixed in
40 Chapter 3. A  comparative study  o f linear and non-linear spectral m ixing models
clifferent proportions for different mixture samples. All samples of powdered chalk were 
taken by the CCD camera a t a fixed viewing angle e =  30® and a relative azim uthal angle 
(j) = 150°. A tungsten-halogen lamp was the light source which was arranged to incident 
the sample in several angles, 15°, 30°, 45° and 75°. The sample images captured by the 
camera recorded the spectral intensity reflected from the sample surfaces. The distortions 
to the recorded values induced by the detector and the light source will be described. The 
corrections for these distortions are necessary to obtain a precise measurement and are 
also discussed.
A white m atte paper was used as a reference surface, which was assumed to be a Lamber­
tian scattcrer. Further, the image of this white paper was also assumed to play the role 
of a flaf-field image. The exact reflectance values of each pixel must be obtained before 
used as pure classes in the linear model or converted to the single-scattering albedos in 
the non-linear model.
The transform ation from RGB  space to the chromaticity space of this intensity is necessary 
for linear unmixing but not for the non-linear approach. In non-linear unmixing, the 
sample images have to be converted to the bidirectional reflectances for deriving the single­
scattering albedos. The proportions of pure classes are then obtained from the unmixing 
of these albedos. Results from the non-linear model will be compared with those from the 
linear model.
3 .2 .1  T h e  m ix tu r e s
111 this experiment, our sensor measures each colour component, red, green and blue. So 
that the materials used to represent different classes should be different in colour terms. 
Our pure classes and mixtures were prepared by Bosdogianni (1996). They were made 
from coloured chalk which was ground using a mill to create very fine powder. Then this 
powder was sieved to use only the chalk grains with diameter less than  a certain value 
(200/,///n). Six ternary mixtures were created by mixing the relevant weights of three pure 
classes, which are red, green, and blue chalks, and they are referred to as Pur e l, Pure2 
and Pure3, respectively, as shown in table 3.1.
The image acquisition process which is necessary to obtain the surface reflectance from the
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Mixture Pure! {red chalk) Piire2 (green chalk) PureS (blue chalk)
1 10 20 70
2 10 70 20
3 30 50 20
4 30 GO 10
5 40 20 40
6 60 10 30
T a b le  3 .1: Mass fractions of six mixtures in percentages.
digital camera is described next. The reflectance values are then fed into the linear and 
nonlinear unmixing models. Then we can compare the results from these two models. The 
nonlinear mixing model used here is simplified by setting the phase function in Hapke’s 
model to a constant.
3 .2 .2  Im a g e  a c q u is it io n
3 .2 .2 .1  D etecto r
The high precision RGB digital camera SONY DXC 930P (SONY, 1995) was used for 
this experiment as a detector of reflected radiance. The camera was connected to a 24-bit 
frame grabber. The camera must be located at such a distance from the scene so that 
one pixel of the m ixture must contain several grains. The grain of each pure class is 
less than  2 0 0 / in diameter. Therefore, the distance between the detector and sample 
was arranged so tha t the spatial resolution of the camera was greater than  1 0  times the 
biggest grain size, or the spatial resolution was greater than 2m,m. Further, the camera 
was located at fixed angle of detection e =  30° and relative azim uthal angle 4> =  150".
According to Burke (1996), a commonly encountered problem in a CCD-based sensor is 
tha t the dark level of the individual pixels vary dramatically and in a repeated pattern  
between the neighbouring pixels. This problem is due to the architecture of the sensor 
chip and the difficulty to manufacture it precisely.
To observe the dark level within a camera, an image is captured in the absence of light by 
the camera. This image is called the daik-field image. Values from this image are the offset 
signals from the sensor when illumination levels are zero. The offset is the time-averaged
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pixel-to-pixel variations with no input signal. These variations are corrected by measuring 
pixel values under dark conditions and storing each value as an offset. Subtracting these 
offset values from the pixel outputs gives a uniform zero level for all pixels at zero light 
input (Burke, 1996).
Further, random noise is an unpredictable event of the sensor chip and the ADC (analog- 
to-digital converter) circuit of the camera. It may be observed by taking several dark-field 
images. Random noise is the variation of the dark level value at the same position in each 
darlc-ffeld image. This variation may be called the temporal variation of the camera.
Some bright spots, due to damaged photo-sites tha t give grey level values higher than  200, 
were present in the sensor array of our camera when the dark-field image was measured. 
There is not any such bright spot at the central area of the sensor array where our effective 
area of imaging the samples is, so these bright spots will not affect the imaging of our 
powder mixtures.
3.2 .2 .2  L ight source
A tungsten-halogen lamp is used as a  light source in this experiment. This type of lamp 
gives a constant relative light output over time and is designed for an operating life of 
2000 hours. The lamp has maximum power at 1000 W .  This light source, located far away 
from the sample, was assumed as a  collimated light source. The collimated light source 
was arranged to incident onto the sample surface in several angles of incident i : 15°, 30°, 
45° and 75°.
Boukoiivalas (1996) has shown th a t there are variations in a light source. The spatial 
variation of a  light source may be observed as the gradual variation of illumination or 
shading over a fiat-field image. The ffat-field image is taken from a blank and uniform 
surface. Further, the illumination is not perfectly uniform over time. This variation is 
known as temporal variation of a light source.
Burke (1996) suggested a different correction to the spatial variation. A fiat-field image 
is taken for every setting environment of light source and detector. The value from this 
image is stored and will be used as gain for the value of the real image. This correction
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can be used with the dark level correction. The expression for the correction is
Vo =  . T  K o / (3.12)
where Vb, V, Vjj, and V f f  is the pixel value of the correct image, the incoming image, the 
dark-field image, and the fiat-field image, respectively, and V,.Qf is a reference value which 
is chosen to be the pixel value at the centre of the image.
The method of spatial correction was applied for the preprocessing before the data  were 
used in conjunction with the nonlinear mixing model. Burke (1996) also suggested to 
average at least five measurements of the output of the sensor to remove the tem poral 
variations.
The environment setting of the detector, light source, and samples were arranged as in 
figure 3.1 in order to remove the specularity over the surfaces of the samples under con­
sideration.
.10
60
. 75
( a )  a n g l e  o f  d e t e c t i o n  p is 3 0 °  a n d  re l a t i v e  a z ­
i m u t h a l  a n g l e  c(> is 1 5 0 °
( b )  se v e r a l  i n c i d e n t  a n g l e s  i
Figure 3.1: The environment setting of the detector, light source and sample.
3 .2 .2 .3  T he reflectance value
As mentioned earlier, the reflectance was measured as the ratio of brightness of the sam­
ple at a specific viewing geometry to the brightness of a reference standard identically 
illuminated. The brightness of a sample of powdered chalk is defined as and th a t of 
a reference standard is defined as So that the reflectance factor rp  can be derived
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from f-Jie measurement as:
rF{i ,e\p,q)  = /g(z,e;p,g)4 e /(p ,g ) (3.13)
where r-p{i,e]p,q), Ig{i,e-,p^q) and UefiVAl) a,re the reflectance factor of sample, the 
brightness of samples and the brightness of reference standard, respectively, w ith incident 
angle i, viewing angle e and at position (p, q) in the image.
The brightness values Ig and Iref must be corrected by the spatial and tem poral correction 
as described in the previous section before the derivation of rp  takes place.
3.3 E xperim ents
3 .3 .1  M e a su r e m e n t o f  c a m e r a  c h a r a c te r is t ic s
At the beginning of each measurement, some dark-field images were taken by the CCD 
camera. The value of each pixel was measured and stored for correction. This value is the 
inslriLmental offset (denoted by Vb). The instrum ental offset was determined empirically 
at the time of measurement. Several dark-field images were also taken to examine the 
presence of random  noise. The average dark level and random noise value of the camera 
measured from this experiment are shown in table 3.2.
Spectral sensor Average dark level Average random noise
Value(oiit of 255) Percentage Value (out of 255) Percentage
Baud 1; Red 12.71 4.98% 7.68 1.95%
Baud 2; Green 28.24 11.07% 5.86 2.30%
Band 3: Blue 15.97 6.26% 12.08 4.37%
T a b le  3 .2: Average dark level and random noise present in the CCD camera.
The presence of random noise in the dark-field images constitutes tem poral variation. 
Therefore, every image in this experiment was taken more than  five times for averaging out 
the random noise. The dark-field image created this way, was stored as the instrum ental 
offset image.
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3 .3 .2  C o n v er s io n  o f  C C D  m e a su r e m e n ts  to  su rfa ce  r e fle c ta n c e s
CCD images of pure classes and mixtures were converted to reflectance by subtracting 
an instrum ental offset, from section 3.3.1, then dividing each image by a fiat-field image 
(reference surface image), which has subtracted from it the same offset. The fiat-field image 
was determined as a spatial correction param eter and a reference surface for deriving the 
reflectance (see section 3.2.2.3) at the same time. This conversion can lie expressed as:
/ \ ^s ample {Pi  (j) ^ d { P i Q ) (3.14)
where Vgampie-, and Vp are the DN of pixel (p, q) in the sample image, dark-field image or 
instrum ental offset image (see section 3.3.1), and fiat-field image, respectively, and vp is the 
reflectance factor at pixel (p, q) of the sample image. This fiat-field image was taken under 
the same geometric conditions as the sample image. The chromaticity transform ation must 
not be iierfornied otherwise the geometric information in the bidirectional reflectance will 
be lost.
The offset-corrected CCD image of a pure class (figure 3.2(a)) was divided by the offset- 
corrected image of the reference surface (figure 3.2(b)) and multiplied by 255 resulting in 
the reflectance image (figure 3.2(c)). DNs in this image were selected only within the area 
of the sample. This process was performed with all three spectral bands, i.e., red, green, 
and blue. The DNs of pixels of each spectral band in this area were then divided by 255 
to recover the reflectance value of that spectral band. The mean of selected DNs was used 
as the reflectance factor, rp,  of that spectral band.
m
( a )  P u r e l  i m a g e ( b )  F ia t - f ie ld  im a g e (c )  R e f l e c t a n c e  i m a g e
F ig u r e  3 .2: CCD images of purel, flat field and reflectance.
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3 .3 .3  L in ear u n m ix in g
The averaged DNs of pure class and m ixture images taken by the CCD camera were used 
in linear unmixing as spectral intensities. These values were corrected first by subtracting 
the instrum ental offset (see section 3.3.1), and then by dividing by the averaged DN from 
the fiat-field image which was taken at the beginning and the end of each measurement for 
the spatial correction, as mentioned in section 3.2.2.1. The chromaticity transform ation 
was performed to normalise the vector of intensity in the 3D colour space.
Table 3.3 shows the results from the linear model with and without the chromaticity 
transformation. The error in this table is estimated from the Euclidean distance between 
the calculated and actual proportions of pure classes in the mixture.
Mixture Actual mass fractions Linear model with chromaticity W ithout chromaticity
Purel Pure2 PureS Purel Piire2 PureS error Purel Pure2 PureS error
M ixl 10 20 70 12 17 71 3.74 29 11 60 23.28
Mix2 10 70 20 21 52 27 22.22 39 39 22 42.49
Mix3 30 50 20 44 27 29 28.39 64 15 21 48.80
Mix4 30 60 10 47 35 18 31.27 62 21 13 50.53
Mix5 40 20 40 46 11 43 11.22 68 2 30 34.75
MixG 60 10 30 64 5 31 6.48 81 0 19 25.72
T a b le  3 .3: The proportions of pure classes in mixtures derived by the linear model with and 
without chromaticity transformation.
From these results, it is apparent that the chromaticity transform ation is necessary for the 
linear unmixing. However, the proportions of pure classes by this model are acceptable 
only in M ixl, Mix5 and MixG and unacceptable in Mix2, Mix3 and Mix4. The error in 
the proportions of pure classes of these mixtures is so large th a t in two cases not even 
the dominant class was picked up correctly. This shows th a t our m ixtures cannot be well 
represented by the linear mixing model. Therefore, the non-linear mixing model will be 
our next consideration.
For the non-linear model, the multiple-view-angie imagery of the samples must be obtained 
to derive the single-scattering albedo. The single-scattering albedo can be derived from 
the bidirectional reflectance of these multiple-view-angle images. Therefore, the DN of 
each pixel in each view-angle image must be converted to the bidirectional reflectance.
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This is described in the next section.
3 .3 .4  N o n -lin e a r  u n m ix in g
In order to obtain the bidirectional reflectance as shown in section 3.2 .2 .3, CCD images 
of pure classes and m ixtures were converted to reflectance by subtracting an instrum ental 
offset (section 3.3.1), then dividing each image by a flat-held image (reference surface 
image), which had subtracted from it the same offset. This fiat-field image was taken 
under the same geometric conditions as the sample image. Since we have assumed that 
all mixed pixels have the same mixing proportions, the mean reflectance value of the 
pixels was used as the reflectance factor rp.  The chromaticity transform ation must not 
be performed, otherwise the geometric information in the bidirectional reflectance is lost.
The reflectances of three pure classes and six ternary mixtures were measured in this 
way by three sensor components of the camera, band l (red), band2 (green), and bancl3 
(blue), and for four angles of incidence, 15", 30", 45" and 75". In figure 3.3, the measured 
reflectances of pure classes are plotted versus the incident angles. These pure class and 
m ixture reflectances will be used to derive the single-scattering albedos next.
( a )  P u r e l ( b )  P u r e 2 ( c )  P u r e S
Figure 3.3: Measured reflectances of pure classes in three spectral bands [square for band 
1, cross for band 2 and triangle for band 3) in four incident angles.
The reflectances of all samples are fitted with equation (3.6) for the estimation of the 
single-scattering albedo. This equation is non-linear. The best fit of single-scattering 
albedo to the bidirectional reflectance function can be determined by the least square 
m ethod using equation (3.10).
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The derived single-scattering albedos of three pure classes and six ternary m ixtures are 
used to compute the reflectances in order to compare these calculated reflectances with 
the mecisured ones. Figure 3.4 shows the curve fitting of the calculated reflectances to the 
measured reflectances.
The derived single-scattering albedos of pure classes and mixtures are used to solve the 
mass fractions using equation (3,11). The actual mass fractions and the calculated mass 
fractions for all mixtures from both the linear and non-linear model are com]]ared in table 
3.4.
Mixture Actual mass fractions Linear model Non-linear model
Purel Pure2 PureS Purel Pure2 PureS error Purel Pure2 PureS error
M ixl 10 20 70 12 17 71 3.74 8 11 80 13.60
Mix2 10 70 20 21 52 27 22.22 11 65 23 5.91
Mix3 30 50 20 44 27 29 28.39 34 46 19 5.74
Mix4 30 GO 10 47 35 18 31.27 33 62 4 7.00
Mixo 40 20 40 46 11 43 11.22 42 14 43 7.00
MixG 60 10 30 64 5 31 6.48 59 9 31 1.73
T a b le  3 .4: Actual and calculated mass fractions from linear and non-linear model.
Wo can see from table 3.4 that, in all mixtures, sums of mass fractions approach to one 
although they were not forced by the unity constraint. It is apparent tha t our assumptions 
ill the experiment can be accepted and the bidirectional reflectance of our m ixtures are 
successfully modelled by this non-linear mixing model.
A representation of the actual and calculated mass fractions is shown in figure 3.5 for the 
linear and non-linear model. Fiom this figure, we can rapidly assess the capability of this 
model and the deviation present in the results.
3.4 C onclusions
The linear mixing model is not adequate in deriving the correct proportions of the pure 
classes in an intim ate mixture. This may be explained by the fact th a t the incident light 
is multiply scattered between several particles in the m ixture before entering the sensor. 
The non-linear model has to be used in this situation.
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( a )  P u r e l ( b )  P u r e 2 (c )  P u r e S
( d )  M i x l (e )  M ix 2 ( f )  M ixS
( g )  M ix 4 ( h )  M ix 5 (i) M ix 6
F ig u r e  3.4: Calculated (solid lines) and measured (.ggware for band 1, cross for band 2 and 
triangle for band 3) reflectances of all pure classes and mixtures.
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F ig u r e  3.5: The graphical representation of the mass fractions of the linear model compared 
with the non-linear model.
In a non-linear mixing model, the bidirectional reflectances acquired from the CCD mea­
surements in several imaging geometries are needed. The single-scattering albedos can be 
estim ated from these reflectances. In laboratory experiments, the calculated reflectances 
from mixtures of powdered coloured chalk were fitted well w ith the measured reflectances 
in different angles as it was shown. Further, the unmixing process th a t followed gave good 
results.
C hapter 4
Im proving the accuracy o f the  
non-linear unm ixing
The study in this chapter is aimed at answering the following question; Ts information 
contained in directional reflectance data, obtained from some specific measurement ge­
ometries, always useful for deriving the single-scattering albedo, which can be used in 
the non-linear unmixing?’. In order to investigate this question, error analysis is em­
ployed to observe the sensitivity to error of the single-scattering albedo when estimated 
from directional reflectance data  at certain measurement geometries. The result from 
this investigation is tested against reflectance data  of mineral mixtures obtained from a 
laboratory experiment.
4.1 Introduction
Several bidirectional reflectance models have been proposed to describe and extract infor­
m ation from directional reflectance measurements observed by space-borne, airborne or 
ground-based instruments. These models are based on an understanding of the physical 
processes by which the energy interacts with E arth  surface materials. Most of these com­
ponents of these models are in the form of non-linear equations (Barnsley et ah, 1997). 
Simplifying assumptions and approximations make it possible to use such models for esti­
m ating the mixing proportions of intimate mixtures. To achieve this it is necessary to have
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directional reflectance measurements obtained at a limited number of different viewing and 
solar illumination angles (Goel, 1988).
One basic characteristic of non-linear equations is the way they respond to errors in the 
input variables: depending on the form of the equation, an error in the input variable may 
be damped or amplified. In general, the error in the output variable is a factor of the 
value of the variable itself. It is very im portant, therefore, to identify ranges of the input 
variables over which the errors in them  will not be amplified significantly by the process 
described by the non-linear equation, and preferably be damped. In particular, we are 
interested in identifying ranges of the input variables over which the non-linear m ethod 
should not be used at all as it may be unstable.
Ill this chapter we shall examine from this point of view the non-linear spectral unmixing 
method that relies on the Hapke (1981) model. This model was successfully used to de­
rive the proportions of individual materials which were combined to form mixtures, from 
their spectral reflectances, as in the experiments presented in the previous chapter, and 
by several other investigators before us. M ustard and Pieters (1989) and Johnson et al. 
(1992) used Hapke’s model to determine the abundances of mineral mixtures from the 
reflectance spectra acquired from the laboratory. Recently, Hapke’s model was also used 
in remote sensing applications, e.g. by M ustard et al. (1998) for cpiantifying the abun­
dance of mare in the lunar-surface observed area, and van de Meer and de Jong (2000) 
in deriving the m ixture abundances of the vegetation surface using the reflectance image 
taken by Landsat Them atic M apper instrument. This model helps us to calculate the 
single-scattering albedo of a m aterial if the measurement geometry is known and the re­
flectance is measured. The spectral unmixing is then performed linearly in term s of the 
single-scattering albedos of the pure and the mixed classes. The first order derivatives 
of the single-scattering albedos with respect to measurement geometry param eters and 
reflectance values is derived. The absolute value of each derivative is then expressed as a 
function of all variables, and ranges of variables are identified over which this expression 
hecomes more than 1. These variables define measurement geometries and m aterial prop­
erties over which this approach of estimating the single-scattering albedo is unstable and 
therefore it should not be used.
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In section 4.2, we shall review the model we used in the unmixing problem. The derivation 
of sensitivity to error will be explained in section 4.3. The experiments and results will be 
presented in section 4.4. Finally, we shall draw our conclusions in section 4.5.
4.2 O verview  of H apke’s m odel and the non-linear m ixing
In this study, the mixtures are considered as semi-infinite homogeneous media of isotropic 
scatterers. All reflectances were measured with phase angle greater than 15°, so that 
the hot spot is negligible (Hapke, 1993). A constant phase function is assumed, i.e., the 
scattering behaviour of samples is isotropic with phase function equal to one. Therefore, 
Hapke’s model for the isotropic scatterer is
(4.1)
where R  is the measured bidirectional reflectance (reflectance factor), /to =  cos t and 
//. =  cos e, i and e are the incident and viewing zenith angles, and w is the single-scattering 
albedo. H{x)  is the /4-function which can be expressed as:
" " w  =  î r ÿ f e
The single-scattering albedo is the most im portant param eter in the unmixing process. 
Therefore, the derivation of the single-scattering albedo from measurement da ta  must 
be precise and accurate. This derivation is the inversion of the bidirectional reflectance 
function in Hapke’s model.
In the unmixing process, the average single-scattering albedo of a m ixture w can be ex­
pressed as a linear combination of the single-scattering albedos of each pure class in the 
m ixture (Hapke, 1993). The relationship is simplified and given by
w (4.3)
3
where f j  and wj  are the fractional cross-sectional area (Johnson et ah, 1992) and the 
single-scattering albedo of the j - th  component in the mixture respectively, and
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where Mj,  pj and Dj  are the mass fraction, single-particle density and average effective 
particle size of the j - th  component in the mixture.
In this study, equations 4.1 and 4.2 are used to calculate the single-scattering albedo w of 
a material when the measurement geometry is known and the reffectance R  is measured. 
The spectral immixing is then performed linearly in terms of the single-scattering albedos 
of the pure classed and the mixtures using equation (4.3).
4.3 S en sitiv ity  analysis
111 an arbitrary experiment, if the incident angle i is estimated with a certain error Ai,  
the error in the estimated single-scattering albedo w in the linear approximation, will be:
dwA w  = di A i (4.5)
One may write similar expressions for the dependence of the error in w on the error in all 
other measured variables:
A w  = 
A w  =
dw
de
dw
dR
A e
A R
(4.6)
(4.7)
We call the functions that multiply the errors on the right hand side of these expressions 
'''error amplification factors". In a  linear system these error amplification factors are 
constant, so the error in the derived variable can be easily predicted from the errors in 
the measured variables. In a non-linear system, however, these factors are functions of the 
variables themselves, and in some cases a small error in the measured variables may lead 
to significant error in the derived variable (if the error amplification factor is significantly 
larger than  1 ), while in other cases a  large error in the measured variable may be entirely 
damped (if the error amplification factor is significantly less than  1). It is worth examining 
therefore, the error amplification functions for our problem.
We apply formulae (4.1), (4.2) and (4.3) and derive the first order derivatives of w w ith 
respect to i, e and R. The absolute value of each derivative is then expressed as a function
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of all variables, and ranges of variables ai*e identified over which this expression becomes 
more than  1. These variables define measurement geometries and m aterial properties over 
which this approach of estimating the single-scattering albedo is unstable and therefore it 
should not be used.
As equation (4.1) cannot be solved analytically for w in terms of the other variables, we 
need to invoke the following theorem from Calculus:
In the general case, if we have a function
/  (.Ti ,X2,.. . ,Xk,.. ,  x n  ) =  0 (4.8)
which cannot be solved for .x’/., we may infer the dependence of a;/, on the other variables 
lay using the following formula:
In our case, the variables th a t appear in equation (4.1) are i?., i, e and w. The bidirec­
tional reflectance function in our experiment is isotropic and the back scattering efltect is
negligible. So, function /  of formulae (4.8) and (4.9) can be w ritten as:
= R  -  — — ^i/(//.o)i4(/i) =  0 (4.10)
We obtain the error in w due to errors in i, e and R  as follows:
diu _  d f  j  d f
di di /  dw ’
dw  ^  / d f
de de /  dw ’
dw ^  / d f
dR. d R . /  dw
(4.11)
(4.12)
(4.13)
It is generally true that the bidirectional reflectance R{i, e) is symmetric with respect to 
reflection and incident angles. T hat is R. for energy incident at i and reflected at e is equal 
to R. for energy incident at e and reflected at i. So for this reciprocity, only dzu/di  will be 
derived for sensitivity to variation of both  reflection and incident angles.
Since the relative error is normally used to present the confidence in a measurement, 
equations (4.11), (4.12) and (4.13) will be adapted to obtain the relative error in w as
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a function of the relative error in the input variables. In a particular situation, if we 
measure a surface which has single-scattering albedo wi  w ith measurement geometry i i,  
ei and obtain reflectance value Ri,  the relative error in w as a function of the relative 
error in all measured variables is:
A w _  k dw A i
W i W l di R i 4 i , e i  k
A w -  £L dw Ae
W i W \ de Ri,h,ei
A w dw A R
W l W \ m R i , h , e i
(4.14)
(4.15)
(4.16)
4 .3 .1  T h e  s e n s it iv i ty  to  error in  r e flec ta n c e  v a lu e  R
The sensitivity to error in the measured reflectance value can be computed from equa­
tions (4,13) and (4.16). After some algebra we obtain the error amplification factor (see 
Appendix B):
dw 4(/io T p ) \ / l  — w[l  +  2fi\ / l  — tu)(l -f 2 ^uo\/l — w)
(2  — w){fj,Q -f- f.i) -h \ / l  — w (l +  ^pop)d R  HoHi
and the error amplification factor for the relative error:
R  dw 
w d R
y / l  — ~ w [ l  +  2 p \ / l  — w )(l +  2po\/l  -  w)
(4.17)
(4.18)
(2  -  w){pQ + p) +  \ / l  -  w (l +  4/io/i)
It can be seen th a t this expression does not depend on the measured value R,  bu t only 
the measurement geometry and the properties of the surface expressed by the value of the 
single-scattering albedo w.
Figure 4.1 shows the graphical presentation of the error amplification factors {Rlw)\dw/dR\  
of equation (4.18) in the param etric space (e,i) for various measurement geometries and 
for various values of w. It can be seen that the equation is stable in all measurement ge­
ometries for all materials. However, for dark materials, e.g. w =  0.1, the value of the error 
amplification factor is close to 1 for all measurement geometries. For bright materials, the 
value is close to zero when the surface is measured with low angles, say from zenith, and 
is close to 1 when the incident and reflectance angles are extremely high or the light is 
almost grazing the surface.
Although the values of the error amplification factors are less than one for all materials, 
these values may still contribute to overall error due to all variables.
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f a )  w  =  0 .1 ( b )  w =  0 .2 (c )  w =  0 .3
( d )  w — 0 .4 ( e )  =  0 .5 ( f )  w =  O.G
( g )  w  =  0 . 1 (h )  w  =  0 .8 (i)  (/) =  0 .9
F ig u r e  4 .1: Plot of the error amplification factor {R /w ) \ d i v /d R\ ,  which is less than 1, for 
various values of zu.
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4.3.2  T h e  s e n s it iv i ty  to  error in  in c id e n t  a n g le  i
The sensitivity to error in the incident angle can be computed from equation (4.11) and
(4.14). After some algebra we obtain (see Appendix B):
\2p, — 1 — 2 \ / l  — w{p + 2 /io +  2 / I q ) ]  ( \ / l  ~ u;)(l +  2 /i>/l — w)-— = w s m i - --------------------------- 1=------------------ ----------= 2 3 --------------- —^  (4.19)
(1  +  ‘IpQ){po +  p) [ (2  -  w){pQ +  /i) +  \ / l  -  tu(l +  4/ioAi)J
and the error amplification factor for the relative error;
i g<(i) _ [2 /.i — 1 — 2 \ / l  — w{p +  2 /io +  2 //g)] ( \ / l  — tu)(l +  2 p \ / l  — w)
— —- — % sin%---------------------------- f-----------------------   —2 =2 :-----------—  (4.20)
(1  +  2pq){pq +  jLa) 1^ (2 — w)(/6o -{- p) +  >/l — w{l  +  4/i,o/i.)j
111 Figure 4.2 we indicate with grey the areas in the (e, i) param etric space over which 
{i /w)\dw/di \  is greater than 1, for various values of w. It can be seen th a t for dark 
materials, e.g. zu — 0 .1 , instability arises when the surface is illuminated and viewed with 
more than 60° zenith angle. If the surface is viewed with low angle, say at the nadir, 
instability arises when the illumination angle is more than  80° i.e. the light almost grazes 
the surface.
The instability at low viewing angles disappears for brighter surfaces. For a  bright surface, 
e.g. w = 0.9, problems of instability to errors may arise only for extreme measurement 
geometries where the incident light is almost grazing the surface.
4.3.3  T h e  s e n s it iv i ty  to  error in  v ie w in g  a n g le  e
The sensitivity to error in the viewing angle can be computed from equation (4.12) and
(4.15). After some algebra we obtain:
Qiu \‘^Po — 1 — 2 >/l — w{po 2p 2p‘^)] ( \ / l  — ty)(l +  2pQ\/l — zv)-— = z v s m e - ---------------------------- ;......................... ........... ..... ................... ;------ (4.21)
(1 +  ‘2>p){po + p) [(2 -  w){pQ 4- p) +  \ / l  -  u)(l 4- 4pQp)\
and the error amplification factor for the relative error:
g [2 /io — 1 ~  2 a/ 1  — zi){pQ +  2 /i +  2 /i^)l {^/l — zjj){l +  2pQ\/l — w)— —  =  e sin e ------------------------------------------------------- =-- --------------- î- (4.22)
(1  4- 2p){pQ +  p) [ (2  — zjj) { p q  +  /i) +  ^ / l  — zn{l + 4/io/.i)J
In Figure 4.3 we indicate with grey the areas in the {e,i) param etric space over which
{e/zu)\dzu/de\ is greater than  1, for various values of zn. It can be seen th a t for dark
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m aterials, e.g. zu = 0 .1 , instability arises when the surface is illuminated and viewed with 
more than  60° zenith angle. If the surface is illuminated with low angle, say at the nadir, 
instability arises when the viewing angle is more than 80° or the light is almost grazing 
the surface.
The instability at low viewing angles disappears for brighter surfaces. For a bright surface, 
e.g. zu = 0.9, problems of instability to errors may arise only for extreme measurement 
geometries where the incident light is almost grazing the surface.
4 .3 .4  T h e  w o rse  ca se  scen a r io
The areas of stability with respect to errors in R  and to the error in the incident and 
reflectance angles i and e in (e, i) graphs can be used to identify the measurement geome­
tries for which the result will be stable to all sources of error. In the worse case, all errors 
from all input variables may add up.
Figure 4.4 shows the sum of error amplification factors {i/zv)\dzju/di\ and {e/zju)\dzu/de\ 
if we assume th a t the errors in the incident and viewing angles are the same. This plot 
indicates the sensitivity to the measurement geometry error. It can be used to identify 
the geometries in which the error is amplified in the laboratory measurements. Since, in 
the laboratory, high-precision reflectance measurement may be achieved, the sensitive to 
errors in the reflectance measurement may be neglected.
However, if the error in the reflectance measurement is as large as (or equivalent to) the 
error in the measurement geometries, the sum of all error amplification factors becomes 
relevant. Figure 4.5 shows the sum of all error amplification factors of all sources of error. 
It can be seen th a t for stability the measurement geometry is limited to w ithin 20° from 
zenith for both incident and reflectance angles for dark materials. The lim itation is less 
for brighter materials.
4.4 E xperim ents
In the non-linear unmixing, the single-scattering albedo is the most im portant param ­
eter and can be estimated more accurately from the bidirectional reflectance in certain
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F ig u r e  4.2: Grey represents the  com binations  o f  values (e, i) for which the  error amplification
factor {i/w)\dw/di\  beco m es  greater than 1, for various values o f  w.
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mcasuKimeiit geometries as described in the previous section. In this section, we shall 
dem onstrate these ideas with the help of da ta  from some laboratory measurements of 
mineral mixtures.
The m ineral-niixture reflectance data  sets were provided by Dr. John M ustard from Brown 
University and were used by M ustard and Pieters (1989) to describe the photometric phase 
function using Hapke’s model. The data  consisted of the reflectance spectra of pure classes 
and m ixture samples. All sample spectra were collected by the RELAB spectrometer (a 
high-resolution bidirectional reflectance spectrometer at Brown University) which has a 
measurement precision of better then 0.25%. Four reflectance spectra chosen to be used in 
this experiment included spectra ranging from 0.60 — 1.49pm of pure classes, e.g. Olivine 
and Magnetite, and of two binary mixtures, named as M ixture I and M ixture II, w ith 
abundance values 90/10 and 25/75 percents of Oviline/ M agnetite, respectively. These 
mineral samples were ground and the particle size values were controlled to be between 
45 — 75pm.  These reflectance spectra were measured by the instrum ent in 17 geometries 
with incident angle varied from 0° to 60“ and viewing angle varied from —60“ to 60“. The 
error due to slight misalignment of the arms of the spectrometer was reported to be ± 1 °. 
Each geometry is numbered here for later reference as shown in table 4.1. The negative 
signs in the viewing angles indicate the position of the spectrometer at the same side as the 
incident beam in the principal plane. The reflectance spectra of pure classes and mixtures 
metisured with an incident angle of 30° and a viewing angle of 0“ are plotted in figure 4.6.
First, the single-scattering albedo values of all pure classes and mixtures are estim ated by 
using the reflectance spectra measured from all available geometries w ith equation (4.1). 
These estim ated values are used in the umnixing process to predict the abundance values. 
The predicted abundance values are then compared with the actual values.
Then, the single-scattering albedo values of all samples are re-estimated by discarding the 
measurements the geometries of which cause the error amplification factor to be more 
than 1. The abundance values are predicted again and compared w ith those predicted 
using all measurement geometries. In the second case higher accuracy of the prediction is 
expected.
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Geometry number Illumination angle Viewing angle Phase angle
1 15.00 0 .0 0 15.00
2 45.00 -60.00 15.00
3 15.00 15.00 30.00
4 30.00 0 .0 0 30.00
5 30.00 -60.00 30.00
6 45.00 -15.00 30.00
7 25.00 -60.00 35.00
8 5.00 -60.00 55.00
9 25.00 30.00 55.00
10 40.00 15.00 55.00
11 55.00 0 .0 0 55.00
12 15.00 60.00 75.00
13 40.00 35.00 75.00
14 60.00 15.00 75.00
15 35.00 60.00 95.00
16 50.00 60.00 1 1 0 .0 0
17 60.00 60.00 1 2 0 .0 0
T a b le  4 .1: The geometries of reflectance measurements. Minus signs in the viewing angles 
indicate the position of the instrument at the same side as the light source in the 
principal plane.
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F ig u r e  4 .6 ; Reflectance spectra of two pure classes, Oviline and Magnetite, and two mix­
tures, abundance in percent 90 /10  and 25/75  of Oviline/Magnetite.
4 .4 .1  T h e  s in g le -sc a t te r in g  a lb e d o  e s t im a t io n  an d  th e  n o n -lin e a r  u n m ix ­
in g
The reflectances measured from all 17 geometries are used to estimate the single-scattering 
albedo values of pure classes and mixtures. The estimation is performed by inverting 
equation (4.1) in the least square error sense. The plot of all estimated single-scattering 
albedo spectra is shown in figure 4.7.
The single-scattering albedo spectra of pure classes and mixtures are used in unmixing 
to predict the abundance values of the two binary mixtures by using equation (4.3). The 
derived abundance values are compared with the actual abundance values in table 4.2.
Mixture Actual abundance Derived abundance
Oviline Magnetite Oviline Magnetite
I 0.90 0 .1 0 0.919 0.096
II 0.25 0.75 0.322 0.643
T a b le  4 .2 : Actual and derived abundance values using the spectra from all available geome­
tries.
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F ig u r e  4 .7 : Spectra of the single-scattering albedo of two pure classes, Oviline and Mag­
netite, and two mixtures, with fractions 90 /10  and 25 /75  percents of Ovi- 
iine/Magnetite.
4 .4 .2  Im p ro v in g  th e  a c c u r a cy  o f  t h e  u n n iix in g
The accuracy of the abundance prediction or umnixing can be improved by performing 
a better estimation of the single-scattering albedo values for all samples. The better 
estim ation can be done by discarding the measurements which cause the error amplified 
in the single-scattering albedo estimation, in other words, by discarding measurements the 
geometries of which are in the error amplification area (grey area) of the plots in figures
4.2 to 4.5.
In this laboratory measurement, the instrum ent (spectrometer) precision is higher than  
the misalignment of the instrum ent arm  and the light source positioning. We first assumed 
that the plot of error amplification factor of the sum of the errors due to the incident angle 
and viewing angle, figure 4.4, can be used to discard the measurements the geometries of 
which cause the amplified errors.
In order to perform this analysis, the lowest single-scattering albedo values in the spec­
trum  of four samples are brought to the calculation of new plots. These single-scattering
(>8 Chapter 4. Improving the accuracy o f the non-linear unniixing
0 to  30  K  40 M  «0  70
( a )  O v ilin e  ; Wrmn =  0 .8 4 (b )  M a g n e t i te  : Wmin =  0 .2 7
i  4C
V i.:*.
"
.6
9 7
' ■3
( c )  M ix tu re  I : Wmin =  0 .7 8 (d )  M ix tu re  II : Wmin  =  0 .4 5
F ig u re  4 .8: Plots of the geometry numbers alongside the error amplification area for each 
sample. is the lowest single-scattering albedo in the spectrum of each
sample.
all)('(lo values are 0.84, 0.27. 0.78 and 0.45 for Oviline, Magnetite, M ixture I and Mixture 
II. respectively (see figure 4.7). The geometry numbers are plotted alongside the error 
amplification factor for each sample in figure 4.8.
For bright samples, Oviline and Mixture I, no measurement geometry is in the error 
amplification area (see figure 4.8(a) and 4.8(c)). No improvement can be performed. 
However, for dark samples. Magnitite and Mixture II, a few measurement geometries are 
in this area. e.g. geometry number 16 and 17 for Magnetite and geometry number 17 for 
m ixture II (see figure 4.8(b) and 4.8(d), respectively). Therefore, we use this information 
to discard the data  from these measurements to improve the estimation of the single­
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scattering albedo values.
The abundance values are then predicted using the better estimation of the single-scattering 
albedo. The results are compared with those derived in the previous section as shown in 
table 4.3.
M ixture Actual abundance Ordinary estimation Improved estimation
Oviline M agnetite Oviline Magnetite Oviline M agnetite
I 0.90 0 .1 0 0.919 0.096 0.915 0 .1 1 1
II 0.25 0.75 0.322 0.643 0.305 0.684
T a b le  4 .3: Actual and estimated abundance values compared to the improved abundance 
estimation.
It can be seen that, after discarding a few measurements, the derived abundance values 
in M ixture II are improved although those in M ixture I are not different. This can be 
explained by the fact th a t M ixture I comprised mostly Oviline which is a very bright 
m aterial, so the single-scattering albedo estimation is stable, while M ixture II comprised 
mostly M agnetite which is a dark material, so the accuracy of the single-scattering albedo 
estim ation could be improved.
The error from the instrum ent (the reflectance measurement) is previously considered as 
an insignificant term  and is neglected. However, this error existed although it is relatively 
low compared with the error from the misalignment of the arm of the instrum ent and of 
the positioning of the light source. We may pay more attention to this source of error by 
adding the error amplification factor of the reflectance measurement to the other two error 
amplification factors. It is known th a t this error is lower than the error of the positioning 
of the instrum ent and the light source. We multiply the error amplification factor of 
the reflectance measurement error by a coefficient the value of which is lower than  1 . 
Although it may not be exact, we shall assume that the error values of the positioning of 
the instrum ent and the light source are ±1%, instead of being indicated as ±1°. And from 
the laboratory, the error from the instrum ent is ±0.25%. Therefore, the coefiicient 0.25 is 
used. The plots of the error amplification factor of all error sources (with coefficient 0.25 
applied to the term  of the error from the instrument) of the dark pure class, Magnetite,
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and M ixture II. are different from those in figures 4.8(b) and 4.8(d), respectively, and are 
shown in figure 4.0.
0 K 3 O 3 O 4 O S O « 0 7 t ) a 0 « )  0  10 20  X  40  50  00  70 90 90
( a )  M a g n e t i te (b )  M ix tu re  II
F ig u re  4 .9: Plots of the geometry numbers alongside the error amplification area for each 
sample.
More measurement geometries shovdd be discarded for each material as shown in figure 
4.9(a) and 4.9(b). The single-scattering albedo values of Magnetite and M ixture II are 
estimated again without geometry number 2, 16 and 17, and 16, 17, respectively. The 
abundance values are predicted using these new single-scattering albedo values. The re­
sults ai(  ^ shown in table 4.4 (indicated as Improved estwiation 2) alongside the results 
from the ])i(wious estimation (indicated as Improved estimation 1) for comparison.
Mixture Actual abundance Improved estimation 1 Impivved estimation 2
Oviline Magnetite Oviline Magnetite Oviline Magnetite
I 0.90 0 .1 0 0.915 O.III 0.916 0.107
II 0.25 0.75 0.305 0.684 0.276 0.747
T a b le  4 .4 : Actual abundance values compared with two improved abundance estimations
The accuracy of the unniixing is significantly improved in Mixture II although it is only 
slightly improved in Mixture I. This result shows that measurements which cause the 
error amplified are all discarded and measurements which contain useful information are 
retained and used in the estimation of the single-scattering albedo. In addition, the
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immixing performs well in predicting the abundance values.
4.5 C onclusions
The spectral umnixing is performed linearly in terms of single-scattering albedos of the 
pure and the mixed classes in order to calculate the abundance values of pure classes 
in mixtures. Accurate estimates in single-scattering albedo values will contribute to an 
accurate umnixing. It is interesting to study the sensitivity of the single-scattering albedos 
to errors in measurement param eters in order to draw guidelines for experimental work of 
unmixing.
The single-scattering albedo can be calculated by inverting Hapke’s bidirectional reflectance 
model from bidirectional reflectance measurements sampled at different sets of incident 
and viewing angles. The error in estimating this single-scattering albedo may arise from 
the error in the reflectance measurement and errors in the estimation of the measurement 
geometry.
In remote sensing applications, the error in the reflectance measurement may occur horn 
the sensor itself which depends on the type of sensor used in each experiment, and also from 
the corrections of the raw data  collected by the sensor, such as atmospheric correction, 
image-to-image registration, etc.
The error in the estimation of the measurement geometry can also cause error in the 
calculation of single-scattering albedo values. The measurement geometry for such data  
consists of the solar zenith angle and the sensor viewing zenith angle. The estim ate of 
solar angle can cause an error if the terrain is rough or inclined. The sensor which is 
mounted to a platform, i.e. ground-based, helicopter, aeroplane or satellite, points to the 
surface area at a certain angle in order to collect data. The accuracy of this angle does 
not only depend on how accurately the sensor tilts, but also on the positioning system of 
the platform. In addition, if the field-of-view of the sensor is large, the area away from 
the centre of the field-of-view of the sensor may be considered as having the same viewing 
angle which may cause error to arise.
Graphs presented in section 4.3 dem onstrate the sensitivity to errors in estim ating the
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single-scattering albedo of materials. It can be seen th a t the measurement for dark surfaces 
has more limitations in the acceptable measurement geometry than  for bright surfaces.
The experiments showed th a t the umnixing can be improved when the angular measure­
ments are carefully chosen. Information contained in each surface measurement can be 
useful or damaging depending on the measurement geometry, the brightness of the surface 
itself.
Chapter 5
A two-layer m odel of the  
bidirectional reflectance of 
hom ogeneous vegetation  canopies
As described in chapter 2 vegetation canopies can be treated as plate media in the deriva­
tion of the radiative transfer equations for representing the non-linear mixing. A two-layer 
model of the bidirectional reflectance of homogeneous vegetation canopies is developed in 
this study. The anisotropic scatterings of both  the vegetation canopy and the background, 
i.e. bare soil or leaf litter, are taken into consideration in this model. The effects of the 
anisotropic scattering from the background to the apparent canopy reflectance in different 
leaf area indices of three leaf-orientation canopies are presented. The model is validated 
against simulated and field-measurement data. The inversion process is used to retrieve 
the optical properties of leaf and background. The model is used to predict the bidirec­
tional reflectances from the param eters retrieved by the inversion process. The predicted 
bidirectional reflectances agree well w ith those assumed by the simulated data. The leaf 
optical properties retrieved by the model inversion are discussed and validated against 
values known from the measurements.
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5.1 In troduction
It is well-known that the reflectance of natural surfaces (e.g. vegetation canopies and 
bare soil) is anisotropic. The reflectance of vegetation canopies has been studied using 
both theoretical models (Ross, 1981; Myneni and Ross, 1991) and measurements (Kimes, 
1983; Ranson et al., 1984). In modelling the canopy reflectance, the formulation of bidi­
rectional reflectance distribution function (BRDF, Nicodemus, 1965) plays an im portant 
role in clarifying the information contained in the remote sensing data  and in determ in­
ing the biophysical properties of canopies (Nilson and Kuusk, 1989; Leblanc et a l ,  1999). 
Homogeneous leaf canopies (dense forests, crop fields) have been modelled to predict the 
directional canopy reflectance, by using the radiative transfer theory in various approaches 
(e.g. Camillo, 1987; Nilson and Kuusk, 1989; Verstraete et ah, 1990; Myneni et ah, 1992). 
These m athem atical formulations allow the estimation of canopy structural and biophys­
ical param eters, such as leaf area index and absorbed radiant energy, from the remote 
measurements of canopy reflectance (Asrar, 1989) by the inversion process (Goel and 
Strebel, 1983).
The radiative transfer theory has been extensively studied and applied in the atmosphere 
and planetary surface observations (Chandrasekhar, 1960). The solutions of the radiative 
transfer equation can be calculated numerically (van de Hulst, 1957; Egan and Hilgeman, 
1978) whereas the analytical formulations are more desirable since the bidirectional re­
flectance can be rapidly predicted and the medium properties can also be estim ated by the 
inversion process. Hapke (1981) proposed a semi-empirical model with an analytical for­
mulation for a  semi-infinite medium composed of uniformly distributed scatterers. Hapke 
considered the radiance at the detector as composed of two components, the single and 
multiple scattered radiance. The single-scattering component is the radiance which has 
been scattered by the medium elements only once, and the multiple-scattering component 
is the radiance which has been scattered more than once, before reaching the detector. The 
single-scattering component was derived exactly, whereas the multiple-scattering compo­
nent was evaluated from a two-stream approximation by assuming that the scatterers were 
isotropic. This well-known model has been widely used in planetary observations (Mus­
tard et al., 1998; Hapke, 1990) and also in E arth  surface observations (Sabol et ah, 1992;
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Hapke et al., 1996) since its simplicity and invertibility allows us to estim ate the proper­
ties of the imaged surface. Pinty et al. (1989) applied Hapke’s model to investigate the 
anisotropic behavior of bare soil surfaces. Jacquemoud et al. (1992) generalised Hapke’s 
model in order to study together the spectral and directional reflectance properties of bare 
soil in their SOILSPECT model.
In the application to vegetation canopies, several reflectance models for homogeneous 
canopies have been proposed by various investigators (see for details Goel, 1988). Most 
models which have been evaluated are based on radiative transfer theory with analytical 
approximations for the solution, and they either make the assum ption of Lam bertian 
soil surface (Suits, 1972; Verhoef, 1984; Camillo, 1987; laquinta and Pinty, 1997), or of 
dense canopy (with the scattering from soil neglected) (Verstraete et ah, 1990; Ahmad 
and Deering, 1992). However, the soil surface exhibits anisotropic reflectance as reported 
by Pinty et al. (1989) and Jacquemoud et al. (1992). Although the model proposed by 
Nilson and Kuusk (1989) modifled the W althall et al. (1985) empirical model to explain 
the anisotropic behavior of the soil surface, the model param eters cannot be directly 
expressed in terms of the soil physical properties. In addition, the canopy substrate, the 
understory, may comprise shrubs which may induce strong anisotropy. Recently, Ni and Li 
(2 0 0 0 ) proposed a hybrid geometric optical and radiative transfer canopy model to study 
the semi-arid area based on their previous work in Ni et al. (1999), by considering the 
non-Lambertian nature of the background in the geometric optical part. However, the 
Lam bertian background was still assumed in the radiative transfer part. Moreover, the 
effect of the anisotropy of the background on the canopy bidirectional reflectance was not 
clarified. We propose tha t the scattering from the substrate should be intensively studied 
and considered as another layer of anisotropic medium under the vegetation canopy.
Hapke (1993) also proposed an analytical model using the radiative transfer theory to 
explain the scattering of the particles within and between the layers of a two-layer medium. 
This model is most appropriate for modelling the atmosphere and the surface of planets 
(Hapke, 1993). However, this model was explicitly derived for particulate media. We 
propose here a new model which is derived considering the facets of leaves instead of 
the spherical shape of particles as in Hapke’s two-layer model, in order to explain the 
scattering from the vegetation canopies.
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The canopy model we propose in this study assumes that the vegetation canopy consists of 
two layers, the vegetation and the bare soil. We do not make the assum ption of Lam bertian 
soil surface but instead we assume that both soil and canojry are anisotropic scatterers. 
The proposed model is tested against simulated data  with different soil brightness, and 
against field-measurement data. The real da ta  we use are the reflectances of soybean over 
bare soil. The estimation of canopy biophysical param eters from the model param eters 
by the inversion process is also presented.
5.2 T he radiative transfer equation  for vegetation  canopies
General assumptions have been made in the radiative transfer theory tha t the medium 
is composed of homogeneously distributed elements (i.e. particles in the case of turbid- 
particiilate media and leaves in the case of vegetation canopies) and is parallel-planar 
infinitely extended. In addition, the medium can be split into one or more horizontal 
layers such that the properties of elements in each layer are constant (Goel, 1988).
Following Asrar (1989), let us consider a layer of depth zg, which is perpendicular to the 
% axis and is illuminated uniformly on the top. The radiance distribution function can be 
given by the transport equation or the equation of radiative transfer (Davison, 1958) as
—/.4— ^ —- — — (Te(2:, ii)/(2;, rz)
+  f  ( 7 g ( z ,  n '  — >  P ) 7 ( z ,  f Z ' ) d n %  0  <  z <  z q  (5.1)J i^r
where ap is the extinction coefficient and Os is the differential scattering coefficient which 
expresses the scattering of a photon from direction fl' into a unit solid angle about direction 
Q{f.L, (j)) of an azimuthal angle (j) and a zenith angle 9 =  cos“  ^p.
If we define the optical depth at zq as
j'Zo
t {zq, 0 )  =  / ae{z,ü)dz ,  (5.2)Jo
equation (5.1) can be re-written as
- p -— +  - ^  /  p{fl' -> rZ)/(r, n ')d ü ',  0 < r  < To (5.3)o r  47T J4 tt
—— I  p{fl' —^ Cl)dQ, — 1 (5.4)47T .Utt
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where w  is the single-scattering albedo, the fraction of intercepted energy th a t is scattered 
(Asrar, 1989), which is assumed to be independent of O', and p{Q.' —> O) is the phase func­
tion, the angular distribution of the energy scattered by the elements (particles) (Asrar, 
1989), which is assumed to be independent of depth. The phase function is normalised to 
unity as
1
•I 4
Hapke (1981) solved equation (5.3) and obtained an analytical expression for the multiple 
scattering of the diffuse irradiance by using the two-stream approximation.
In order to explain the radiance distribution within a vegetation canopy, the canopy struc­
ture is required, and equation (5.1) must be somewhat approximated or modified to justify 
the canopy problem (Asrar, 1989). Since the full description of a canopy structure is com­
plicated and impractical, some statistical param eters such as leaf area index (LAI), and 
leaf angle distribution (LAD), have been developed to be used in m athem atical canopy 
models (Ross, 1981).
The leaf area index is defined as the one-side of total leaf area per unit ground area and
rzo
L { zq) =  / U j{ z ) d z  (5.5)Jo
is the cumulative leaf area index where ui{z) is the leaf area density. The leaf angle 
distribution can be expressed by the leaf-area orientation function, the G-function (Ross, 
1981).
In the leaf canopies the extinction coefficient in equation (5.1) is the probability th a t a 
photon hits a leaf and can be expressed in terms of leaf area and orientation as (Asrar, 
1989)
ae{z,Ü) = G{z^Ü)ui{z) (5.6)
where G{z,Q.) is the projection of a unit leaf area on the plane perpendicular to direction 
Q.
W ith  the help of equations (5.5) and (5.6), the radiative transfer equation for the vegeta­
tion canopies can be w ritten as
-  G{L, n) i (L,a)
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H) f+  —  /  p{ü'  ^  n)G{n ' ) i {L ,  o < l < L q  (5.7)47T J i TT
where L q is the leaf area index. It should be noted that in a uniform (spherical) leaf 
orientation, the G-function is a constant and G — 1/2 (Ross, 1981). Equation (5.7) then 
takes the same form as equation (5.3) and tq — L q/2. This means tha t the radiative 
transfer ec{uation derived for a particulate medium has the same form as th a t derived for 
a uniform leaf-orientation canopy problem.
The methods of solving equation 5.7 have been discussed in chapter 2.
5.3 All analytical two-layer canopy m odel
Hapke (1993) also proposed an analytical radiative transfer model for a two-layer medium. 
This model was derived for a particulate medium. However, in the case of vegetation 
canopy, the shape of an element is considered as a planar facet. The orientation of these 
facets ill the medium causes different scattering behaviour. Therefore, a derivation for 
this pro1)lem is different from the derivation for a particulate medium.
Hapke (1993) considered the medium as consisting of two layers (see figure 5.1). The top 
is an optically thin layer which contains vegetation elements of single-scattering albedo 
Wi, and angular phase function pu- The bottom  is optically thick and contains elements 
of single-scattering albedo wi and angular phase function The optical thickness of the 
top layer is tq at distance zo from the top of the surface which is the level of the interface 
of the two layers. The medium is illuminated from above by a distant collimated source 
of irradiance J  incident to the surface with zenith angle i = cos“ ^(/io) within a solid angle 
flo and viewed by a distant detector at zenith angle e =  cos“ ^(/.i) w ithin a solid angle Q 
at relative azim uthal angle (j) and phase angle p, where
cos g =  cos i cos e -t- s in i sin e cos 0. (5.8)
The radiance reaching the detector I d is the combination of two radiance components, the 
single-scattering and multiple-scattering components. The single-scattering component I s  
comprises the radiance being scattered only once from the top layer and from the bottom  
layer before reaching the detector. The multiple-scattering component I m  is the radiance
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F igure 5.1: The two-layer medium. The top is the vegetation canopy and the bottom is 
bare soil.
which is scattered more than once before reaching the detector. Therefore, the radiance 
read  ling the detector can be written as
(5.9)
Hence, the bidirectional retiectance can be derived from r{po, p.,()) = I d / J  and is in the 
form
(5.10)
where rsipo, P Al) and /’a/ ( / /o- ,<7) are the bidirectional reflectances for the single scatter­
ing and multiple scattering, with vsigo, fh <j) = Is / - I  and I'Mipo, P^g) = I m /'I.
The exact solution of the singly scattered radiance Is  can be derived for arbitrary pliase 
function (Hapke, 1993). The approximate expression for the multiply scattered radiance
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I m  can lie evaluated using the two stream  approximation with collimated source and 
assuming that the elements scatter the incident radiation isotropically. We shall present 
each contribution in the case of the vegetation canopy separately in what follows.
5 .3 .1  T h e  s in g le  s c a tte r in g  c o n tr ib u tio n
This contribution can be derived by assuming tha t light has been scattered only once on 
a given facet or on the reflectance surface without encountering other facets in the pa th  of 
incident and emergent light. The vegetation canopy is assumed to be composed of several 
horizontal thin layers. All layers have the same thickness and physical properties, e.g. leaf 
area density and are composed mostly of leaves. The vegetation canopy is placed above a 
horizontal particulate background surface.
In the case of the one layer medium, the particulate medium is assumed to be infinitely 
thick, with no reflection coming from the background, and the scattering from individual 
elements azimuthally independent (one-angle problem). The radiance, which is scattered 
from the irradiance J  in a solid angle Üq in direction po, reaching the detector in a solid 
angle Q in direction /i, can be computed from (Hapke, 1981)
p o o  Ajrj-
I d = I F ( T M e - ’h^—  (5,11)Vo M
where ji = cose and F ( r ,Üq) is the source function at optical depth r  in direction /io 
and is equal to F{ t , pq) where po = cos», for the one angle problem. If only the single 
scattering is considered, the source function is the radiance at depth r  being scattered 
from irradiance J  at zenith angle po to the detector at zenith angle p, or
f^{T,Po) = ■ ^ w {t )p {t , pq -4- (5.12)
where w{r)  is the single-scattering albedo and p(r, po —> p) is the phase function.
Then the singly-scattered radiance at the detector for the one-layer particulate medium is
7 roo
I s  = T—  /  w {t )p {t , po (5.13)
4 7 t / /  J o
However, in the two layer case, the radiance at detector is considered as coming from two 
different layers and from two source functions, so it is expressed as
Id = r  FT{T,iM))e-Vi‘^L+ r  (5.14)Jo P jjQ P
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where Ft  and Fb are the source functions of the to]') and bottom  layers resj^ectively, and 
To is the depth at the boundary between the two layers.
In the case of the vegetation canopy, tlie top and bottom  layers are vegetation and back­
ground, respectively (see figure 5.2). The vegetation layer is considered as composed of 
facet elements (leaves). W ith the help of equations (5.2), (5.5) and (5.5), we can write the
o])tical thickness as
d.T{z,if) = G{z,i ï)dL{z),  for 0  < 2  < 2q, 0  < r  < tq (5.15:
00
F ig u r e  5.2: The singly-scattered radiance from a two-layer medium
The background is considered as composed of soil particles. Its o])tical thickness is
dT{z,ü)  = (Te{z,p)dz, for 0 < Z < O O ,  T 0 < T < O O  (5.10)
where a,.{z,fi) is the extinction coefficient.
Then the radiance at the detector for a two-layer vegetation canopy can be w ritten as
Id = Jo " —
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+ Fa(T, (5.17)
I  TO P
where Lq is the total leaf area index of the vegetation layer.
We can assume further that w-u, Pm and pi are independent of depth. Neglecting the 
multiple scattering component, the source function for the singly-scattered radiance of 
each layer is
Ps t {L,Po) = ^  0 <  z <  %o (5.18)
Fs d {t ,Po) =  ^W(Pz(/.»o ^  j[ )^e-i (^t(o);['o4-(T-To)]//.(o  ^ ZQ < z < oo (5.19)
where Fs t  and Fs b  are the source functions of the singly-scattered radiance for the top 
and bottom  layers, respectively. By substituting Ft  = Fs t  and Fb  = Fs b  in equation 
(5.17), the singly-scattered radiance reaching the detector from a finitely thick vegetation 
canopy lying over soil background can be written as
Is —  f  W u P ^ L { p o  — >477/./ J o
+ _ jL  f°°wipi{po j[»)e-(G(/;o)/;o-KT-'m)]/m)-t-[GWZ.o-KT-To)]//A)T .^  ^ (5 .2 0 ) 
47r/.i J tq
The radiance /*- can then be analytically computed to be in the form
-pi{po  -> (5.21)47t p o  +  P
The bidirectional reflectance for the single scattering contribution is 
r X m , f b g )  =  rsi{po,PAj)+rs2{Po,PAj)
=  T r  , ^ T r  ,47T ( j T y P O  +  l ^ i p
+  ^ — ^ ^ P l { p o  -> p)e-^Gi/|.to+G^/^l)Lo (5.22)47t Po + p
where we write Gj  and Gy for G{po)  and G{p)  respectively. It should be noted th a t this 
bidirectional reflectance has the same form as derived by Ross (1981) and is used as the 
volume component in the kernel-driven model by Roujean et al. (1992) except th a t the 
surface of soil has been assumed to be Lam bertian in their work.
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5 .3 .2  T h e  m u lt ip le  s c a tte r in g  c o n tr ib u tio n
The rad iative transfer function for a mediuin composed of facet elements will be used 
to find the solution for the multiple scattering contribution by considering the medium 
composed of many th in  horizontal slabs. It can be written as (Asrar, 1989)
- P ~ { L ,  n)  = - G { ü ) i { L ,  n )  +  T - /  dn'p{n'  ^  ü )G{ü ' ) I{ i , ü ')
G  L i 47T ,/47r
w r+ —  ^  dü'p{Ü' ^Ü)Gip. ' )F{L,Çl ' )5{0!  - Ü q) (5.23)
where L  is the leaf area index and p{Q/ —)■ H) is the phase function.
The second term  on the right-hand side is used to model the scattering of light which has 
l^een scattered one or more times before colliding with a leaf. The last term models the 
first collision in the downward direction of light tha t originated from the illuminating 
source with function F (L , Oq) =  J ^  Equation (5.23) then becomes
=  -G{Ü)I{L,Ü)  +  0  [  dü'p{a' ^U)G{ü' )I{ l , i l ' )uL  47T V47T
+  ^ p ( f 2 o  f])G(no)e-^(^»)^/^'° (5.24)
Following Hapke (1993), we aj^proximate the angular dependence of equation (5.23) by 
tesselating the unit sphere into a set of N  discrete directions of solid angle A ü j  at which 
the angular flux is to be evaluated. W ith this approximation, equation (5.24) can be 
re-w ritten as 
d l
k = l
+ ^ p { ^ 0  n,-)G(no)e-°<*^"W "“, j  = l , . . . , N  (5.25)
The solution of equation (5.25) can be found by assuming isotropic scattering p{ftk 
Q.j) = 1 and using the two stream  approximation or N  = 2. This means tha t the volume 
scattering from a slab is separately approximated in two directions, i.e. upward scattering
(denoted by j  = 1) and downward scattering (denoted by j  — 2). The equations for a
particulate medium using the two-stream method can be expressed as
=  - G i / i  +  | ( G i / i  +  G2/ 2 ) +  (5.20)
=  —Gsig +  +  G2/ 2 ) +  (5.27)
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where Ij = I (L, Qj ) ,  Gj  = G{fl j),  and l i  and I 2 are the amounts of radiation which are 
radiated into the upper and lower hemispheres, respectively.
If leaf is a bi-Lanibertian scatterer and for the special case of equal leaf reflectance ri and 
transm ittance tj or 77 =  £/, which is reasonable for leaves both  in the visible and near- 
infrared regions (Roujean et al., 1992), it can be proved that Gi = G2 = G (Asrar, 1989).
Then with the help of equation (5.15), equations (5.26) and (5.27) become
=  - A  +  I  (/1 + / 2 ) +  (5.28)
i f  =  - A H - f ( A  +  A) +  J ^ e - A . o  (5.29)
We follow the derivation according to Hapke (1993). The solution is facilitated by letting
(p = - [ I i -{■ I 2 ) (5.30)
which is the directionally averaged radiance in the medium, and
A l p  = - { I i  — I 2 ) (5.31)
so that
Ii  — ip Aip (5.32)
and
h  — H> — A y (5.33)
If we differentiate with respect to r  equations (5.30) and (5.31) and substitu te from equa­
tions (5.28) and (5.29), we obtain
+  (5.34)
=  A,^ (5.35)
where 7  =  >/l — Differentiating (5.35) and substituting into (5.34) gives
“ 7 T T  “  - 7  ^y» +  (5.36)4 dr^ 47T
This equation has the following solution
y (r)  = { (5.37)
-h -h r  > tq
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where j,,, = \ / l  -  77 =  \ / l  -  un, and A*, Af, B*, B f , C* and C f are constants to be
determined from the boundary conditions: (1 ) the radiance must rem ain finite as r  —)■ 0 0
which makes B'l =  0 , (2 ) the radiance must be continuous across the interface at r  =  tq ,
and (3) 72(0) =  0. This solution can be expressed in terms of the leaf area index as
(Pu{z) = 0 < z < zq ^
y / ( z )  =  ^ * e - 27/[G iL o + (r -T o )j  ^ * g -[G ,:L o + (T -r o )]/A to   ^ Zq <  Z <  OO
Following Hapke (1993), we assume th a t the elements scatter isotropically in the case of 
multiple scattering. The source functions of the multiply-scattered radiance of each layer
are
Fm t {z ,Ü') =  f^^I{z,Q,')d.Ü', 0  < z < Zo
F M B {^ , f i ' )  =  ^  I ( z , ü ' ) d Q ' ,  Zo <  z  <  00
where F s t  f)nd F s b  the source functions of the multii)ly-scattered radiance for the top 
and bottom  layers, respectively. The integral is approximated by
f  7( z , n ' ) d f 2 ' ~  47ry(z) (5.40)
.1 4tt
where y(z) is the directionally averaged radiance. Therefore,
FMT[z,fl ' ) =  m„,y„(z), 0  <  z < zq (5.41)
F m b { z - > ^ ’ )  =  W i , ( p i { z ) ,  Zq <  Z <  0 0
Substituting Ft  and F b  in equation (5.17) with Fm t  and F m b , respectively, the radiance 
of the multiple scattering contribution becomes
fLo I'oo
I m  ^  /  w„(pu{z)G{p) 1- / ‘wnpi{z)—  (5.42)./ 0 P .1 To /
I m  is determined by substituting from equation (5.38) into (5.42). The bidirectional 
reflectance of the multiple scattering contribution can be calculated from t m  = I m / J  and 
is in the form
h  _  e-(Gv/>.+27„ft)I..1 47t [ 1 +  2 7 „ /i§^  L j
J ^ _____  f l _  g-(G i//m +<7u/M )i'o] \
1 + / V m e   ^ q
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I Q—(Gy/ i i +2 ' y i Gi )Lo
47t 11 +  2^ip
_L____ — ____p- iGi / | lo+Gv/^L)Lo\  ('5 43)
where Gi  =  G(/.io) and Gy =  G{ii).  After some lengthy calculations, it can be shown that 
constants /l„, A/, By, Oy and C/ (where A” =  "^Ay,  Aj =  ^ A ( , By =  ~
Cl =  bave the following form:
B f  =  Bz = 0
Cy — —
Cl ~
1 - t "
l / ( W ) - 7 ?
+  2^)(7Z -  +  {Cl -  g ,)(7 / -  ^ )e -G (W ,.o
(7/ +  -  [(1 -  7 u )/(f +  lu)]{li -  7 .u)e-27«^'iio
,, _  1 “  7*1 „  1 +  1 /(2/.^ o) ^
^  -  (Q  -  C„)(7„ -  l/(2/2o)e-g-^°/"°
7( -  7w
5 .3 .3  T h e  s in g le  s c a tte r in g  a lb e d o  an d  p h a se  fu n c tio n
In this model, fractions 77 and £; of the intercepted energy are reflected and transm itted, 
respectively, isotropically in all directions. So, the single-scattering albedo of a leaf, which 
is the fraction of the intercepted energy that is scattered (Asrar, 1989), becomes Wy =  
77 +  ti- For the bare soil layer, the single scattering albedo wi can be found empirically 
alongside the phase function param eter as follows.
The Hcnyey-Greenstein function below, is used to represent the phase function of the 
vegetation layer (Pinty et al., 1990)
"  (l +  0 1 -2 0 jc o s f2 )3 /2  
where the scattering angle Q, = tt — g, and 0«  is the asymmetry factor ranging from —1 
(backward scattering) to 4-1 (forward scattering). Similarly, for the soil layer
=  ( l  +  0 ? - i s f i ) 3 / 2  (5.45)
where pi{g) is the phase function and 0; is the asymmetry factor of the soil surface.
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5 .3 .4  T h e  G -f u n c t io n
Pinty et al. (1990) used the Gondriaan (1977) param eterization function to estim ate the 
average leaf orientation distribution or the G-fimction. However, Dickinson et al. (1990) 
proposed a better approximation to the G-function as follows:
(5.46)
where
=  0.5 -  0.489%/ -  0.11%? 
vp2 -  1.0(1- 2 4 h )
and xi  is the inclination index; for erectophile canopy (mostly vertical leaves) the value of 
Xi is approaching -0.370, for planophile canopy (mostly horizontal leaves), it is approaching 
0.565 and for spherical canopy this value is zero. We adopt this approxim ation to our 
model.
5 .3 .5  T h e  h o t - s p o t  f u n c t io n
In the one-layer case, it has been generally assumed that the hot spot (known as the
opposition effect in the planetary studies) affects only the single scattering component.
Hapke (1986) modelled the effect of the hot spot on the reflectance of the surface as
I'Shif-i-odJ^g) =  v'5(;to,£b£7)[l +  B(^)] (5.47)
where rs  is the reflectance of the single scattering component without the hot spot, and 
the hot spot function B{g)  is given by
=  l+ b u f(3 /2 )/ft, (5.48)
where B q is the am plitude of the hot spot, g is the phase angle and h is the angular width 
of the hot spot peak which is considered to be an empirical parameter.
Hapke (1993) noted tha t the hot spot in a two-layered medium can also be modelled by 
an equation of the same form as th a t of equation (5.47)
g) ^  [rsi(;»0Dbg) +  ?’5 2 ( m o ,g)] [1 +  B{g)] (5.49)
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where 7-51 and 7-52 are the calculated reflectances of the top and bottom  layers respectively, 
without considering the hot spot, obtained from equation (5.22), and function B(p) is given 
by equation (5.48). Param eter Bq and h refer to their values at optical depth r  =  1, which 
may be reached either inside the top layer or inside the bottom  layer, depending on the 
maximum optical depth tq of the top layer, and the direction i along which the light 
travels. Since the vegetation canopy gives strong back scattering in the hot spot direction, 
Hapke (1993) suggested in this case that B q is approaching 1. So, we defined Bq — 1 and 
decided to adopt this model for the hot spot function in our study.
Hi flier (1997) also modelled the hot spot for a two-layered medium. He presented the 
use of two hot spot functions, one for each layer. However, these functions can only be 
evaluated numerically.
5 .3 .6  T h e  b id ir e c t io n a l r e fle c ta n c e  an d  th e  r e fle c ta n c e  fa c to r
Bringing together all models we decided to adopt in the previous sections, we conclude th a t 
the bidirectional reflectance of a two layer medium, a vegetation layer over soil background, 
including the hot spot is given by
= [rsi{po,P,g) - f r s 2 {lio,P,g)][I +B{g)]  rM{po,1- ,^9) (5.50)
where vsh{pQ,p,g) and VMipo.Pig)  are the bidirectional reflectances for the single scat­
tering (including the hot spot) and multiple scattering contributions, given by equations 
(5.49) and (5.43) respectively. The reflectance factor, which is normally the value obtained 
from measurements, can be expressed in term s of the bidirectional reflectance as
TF{podJ>Aj) =  — r{poAhg)  (5.51)/-fe
This model describes the bidirectional reflectance of a canopy coupled with a soil surface 
with the help of seven unknown parameters: Wy, w/, ©/, Xh L q and h. On the 
other hand, one may use this model to retrieve the values of these param eters from a 
limited number of values of bidirectional reflectance from field measurements, performing 
the model inversion.
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To facilitate the readers, we summarise here the physical meaning of each of the model 
param eters:
'Wy, wi are the leaf and soil-particle single-scattering albedos respectively.
0 „ , 0 / are the leaf and soil-particle asymmetry factors respectively.
X i. is the inclination index of leaves.
L q is the to tal leaf area index.
h is the angular w idth of the hot spot peak.
5.4 E xperim ents
5 .4 .1  T h e  e ffec t o f  t h e  a n iso tr o p ic  b a ck g ro u n d
We conducted experiments to study the effect of anisotropic background to the apparent 
canopy reflectance. The model developed in the previous section was used to generate 
the bidirectional reflectance in the principal plane in different leaf area indices and three 
leaf-orientation canopies in the visible and near-infrared spectral bands. The predicted 
bidirectional reflectances were compared with those generated by the SAIL model (Verhoef, 
1984) in which a Lam bertian background was assumed. The typical biophysical param eters 
of green vegetation were applied to the model param eters of both  models.
There are two empirical model param eters in our model, @y and 0 /. As it has been 
observed from studies tha t concern soybean fields (Ranson et al., 1984), the backward 
scattering of the soil surface may be noticeable with 0 / =  —0.27 in both  the visible and 
near-infrared spectral bands. We assumed the scattering from a leaf is isotropic, i.e. we 
set 0 „  — 0. The SAIL model cannot account for the hot spot effect. To make therefore, a
fair comparison, we neglected the hot spot effect from our model as well. The sun zenith
angle was defined to be 30°.
The bidirectional reflectances were generated in two spectral bands, the visible and near- 
infrared, for three different leaf orientations, erectophile, uniform, and planophile, and for 
three different values of leaf area indices, 0.5, 1.0, and 2.0, as shown in figure 5.3 (visible) 
and 5.4 (near-infrared).
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Figure 5.3: Comparison of the reflectance distribution in the principal plane of the SAIL 
model (solid line) and the two-layer canopy model (dotted line) in the visible 
band for three different leaf area indices, and three leaf orientations, from left 
to right, erectophile, uniform (spherical) and planophile canopies.
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Figure 5.4: Comparison of the reflectance distribution in the principal plane of the SAIL 
model (solid line) and the two-layer canopy model (dotted line) in the near- 
infrared band for three different leaf area indices, and three leaf orientations, 
from left to right, erectophile, uniform (spherical) and planophile canopies.
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In the visible band, figure 5.3, the backward scattering is distinct in the reflectances of 
canopies with LAI equal to 0.5 for all leaf orientations. For LAI equal to 2.0, the backward 
scattering is almost undetectable for all leaf orientations. The erectophile canopies showed 
the highest backward scattering characteristics, while the planophile showed the lowest.
In the near-infrared band, figure 5.4, the backward scattering of the background cannot 
be noticed in any of the cases. This is because the multiple scattering smooths out the 
anisotropic behaviour of the background.
5 .4 .2  E x p e r im e n t  w ith  s im u la te d  d a ta
In order to invert the model to retrieve the canopy param eters, we have to seek the 
param eter values which minimise defined as
<5^ =  X  -  (5.52)
k=l
where r^ and rp  refer to the observed and modelled bidirectional reflectances of the surface 
for a  given set of geometric angles (z/., e^, </>/:), respectively.
The root mean square error
vms  = yJô‘^ / { N  -  (5.53)
where N  is the number of da ta  points and Np is the number of the free model param eters, 
is used to express the quality of the optimization.
In this section, the hot spot function was also neglected. First, the model was inverted 
against da ta  which have been generated by the model itself. The results showed that 
the model was mathematically invertible. All six model param eters (we ignored the hot 
spot function) can be obtained using a number of sun/viewing directions (in principle the 
minimum number is 6). It should be noted that by increasing the number of measurements, 
the rvis  of the optim ization was expected to decrease, as can be seen from equation (5.53). 
This implies a more accurate estimation of the model parameters. We also found th a t 
by increasing the number of measurements in the principal plane we obtained a more 
accurate estim ate than  by increasing the number of measurements in the perpendicular 
plane. This can be explained by the fact tha t the scattering behaviour of the canopy, both
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for the backward and forward scattering, was more distinct in the principal plane than  in 
the perpendicular plane.
Second, the model was validated against da ta  generated from the widely used SAIL model 
(Verhoef, 1984). The simulated reflectance data  were generated for several viewing angles 
and for two spectral bands, visible and near-infrared. The input canopy paiam eters for 
the SAIL model were chosen to be the typical values of green vegetation in both spectral 
bands and a moderate leaf area index as shown in table 5.1.
SAIL
param eters
SAIL model Estim ated
param eter
Extended Hapke model
visible NIR visible NIR.
ri,ti 0.08 0.40
i'l + ti 0.16 0.80 Wu 0.153 0.773
L A D spherical XI -0.009 0.024
L A I 2.00 Lo 2.229 0.620
©u, -0.063 -0.018
Wi 0.701 0.772
-0.222 -0.214
Ps 0.20 0.30 rh 0.23 0.29
r m s  of fit 0.0006 0.0014
T a b le  5 .1: The SAIL model's parameters and the estimated model parameters in the visible 
and near-infrared spectral bands. Note that ?Vi is the soil hemispherical reflectance 
calculated from equation (5.54).
All six param eters in our two-layer model were kept free in the inversion inocess. The 
estim ated values and the r m s  error of the fitting process for each spectral band are also 
shown ill table 5.1, The canopy reflectance was re-calculated using all estim ated values in 
order to compare it w ith the reflectance from the SAIL model, as shown in figure 5.5.
Fi'oin table 5.1, it can be seen th a t the leaf single-scattering albedo is close to the sum 
of reflectances and transm ittances of a leaf, which are the input param eters for the SAIL 
model, both in the visible and near-infrared spectral bands. ©„ is very close to zero indi-
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F ig u r e  5.5: Comparison of the reflectance distribution in the principal plane between the 
SAIL model (solid line) and the two-layer canopy model (dotted line) for the 
uniform leaf orientation canopy.
eating qnasi-isotiopic scattering from a leaf. The value of the soil hemisperical reflectance 
p..,, which is another input param eter of the SAIL model, was also recovered well w ith the 
help of the hemisperical reflectance formula (Hapke, 1981).
f 'h  =
1 - 7
1  +  2 j / . i o
where 7  =  \ / l  — tui, for the case of an isotropic scatterer.
(5.54)
As expressed by ecpiation (5.46), xi describes the average orientation of the leaves in the 
canopy. The values of xi iii both the visible and infrared bands are close to zero. These 
estimated values are in agreement with the uniform (spherical) orientation assumed for 
the SAIL model used.
The estim ated leaf area index from this model is close to the input value (2.0) in the visible 
band (2.229) but not in the infrared band (0.620). Goel and Deering (1985) pointed out 
that this was because of the sensitivity of the estimation of the model param eters in the 
inversion process. Kuusk (1994) also showed that one could estimate L A I  and average 
leaf angle if the other canopy param eters occurring in the model were known and were 
kept fixed at these known values in the inversion process.
5.4. Experim ents  95
However, in this model, there are two empirical param eters, 0.{, and ©/, which cannot
1)6 obtained as known values. To a tta in  better results, a second inversion process was 
carried out by keeping L q and x i  fixed at known values (2.0 and 0.0, respectively) and 
then estim ating all free (optical) param eters. A second data  set, one with darker soil 
brightness [pg — 0 .1  and 0 .2  for the visible and near-infrared bands, respectively), was 
generated to allow the compaiison of the accuracy of estimation of canopy param eters for 
different inversion processes. In what follows we shall refer to the inversion process when 
all free param eters are to be recovered as Process I and to the one in which two of the 
param eters are clamped to fixed values as Process II. The results of bo th  processes when 
applied to the two sets of simulated data, are shown in table 5.2.
Inversion
Process
Darker soil Brighter soil
visible NIR visible NIR
The single-scattering albedo of leaf (m„,)
I 0.123 0.958 0.153 0.773
II 0.150 0.778 0.149 0.778
Input value 0.160 0.800 0.160 0.800
The computed soil hemispherical reflectance (?’/?.)
I 0.099 0.204 0.228 0.289
II 0.090 0.184 0.197 0.285
Input value 0 . 1 0 0 0 . 2 0 0 0.200 0.300
T a b le  5 .2: Estimated canopy optical parameters and soil reflectance by two inversion pro­
cesses for two different soil brightnesses.
It can be seen from table 5.2 tha t the estim ated values of the canopy optical param eter, 
the leaf single-scattering albedos, are stable for the two different soil brightnesses when 
the new inversion process is used. The soil hemispherical reflectance values estim ated from 
both  processes are close to the input values of the SAIL model. These results show th a t 
the proposed model can be used to estimate the canopy optical param eters accurately for 
different soil brightnesses.
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The bidirectional reflectance factor as computed from the recovered model param eters 
estimated by inversion process II is plotted in figure 5.6 for all three leaf orientations, e.g. 
erectophile, uniform and planophile. It is apparent tha t the recovered model fits well the 
data  generated by the SAIL model in all three leaf orientations.
5 .4 .3  E x p e r im e n t  w ith  th e  so y b e a n  r e fle c ta n c e  d a ta
The measurements of soybean canopy reflectance by Ranson et al. (1984) were used here 
because the canopy can be considered as homogeneous and the agronomical param eters 
were available. The spectral radiance data  for the soybean and a reference surface were 
acquired with an Exotech 100 radiometer which has four spectral bands, 500 — 600nm, 
600 — 70071771, 700 — SOOnm and 800 — llOOnm. The soybean canopy reflectance was 
measured for 12 solar angles and several viewing angles. The percent ground cover and 
leaf area index were 99% and 2.89, respectively. Soil reflectances were also measured 
from nadir for various solar angles at the same time as the canopy reflectance. Leaf 
reflectance and transm ittance data  were also obtained in the laboratory with a Beckman 
DK-2 Spectrometer. This instrum ent has spectral range 450 — 1120nm. Ranson et al. 
(1984) derived r/ and t/ for each individual Exotech 100 wavelength band based on the 
DK-2 measurements. These two instruments have different spectral resolutions and canopy 
reflectance in the 700 — 800mn band is not uniform, but it shows a strong discontinuity, 
in the form of a sudden increase at about 7207im. So, when the leaf spectral reflectances 
were calculated to produce the averaged reflectance in the 700 — SOOn'm band, the non- 
uniformity of the values may cause an error. Therefore, the retrieved value is expected to 
be slightly different from the value given for this spectral band by Ranson et al. (1984).
The inversion process was performed in two steps. First, the soil reflectance data  were 
inverted by using Hapke's ordinary model (Hapke, 1981) in order to retrieve the soil 
parameters, e.g. the single-scattering albedo wi and the asymmetry factor S i  (the Henyey- 
Greenstein function was used as the phase function here instead of the first-order Legendre 
polynomial as in Hapke (1981)). Then the canopy optical param eters were estim ated and 
the canopy reflectance data  were fitted by the inversion of the two-layer model using the soil 
param eters retrieved from the first step and the canopy structures from the measurements.
5.4. Experim ents 97
(a) uniform
Uniform canopy
R ed ba n d
-50
(b) erectophile
E rectophile canopy
R ed  band
P lanophile canopy
R ed band
Œ 0,04
V iew z en ith  ang le
(c) planophile
0 0 5
0.04
View zen ith  ang le
Uniform canopy
NIR ba n d
View z en ith  ang le
E rectophile canopy
NIR ba n d
P lanoph ile  canopy
NIR b a n d
0.22
0.2
View zen ith  ang le
V iew z en ith  ang le
F igure 5.6: Comparison of the reflectance distribution in the principal plane between the 
SAIL model (solid line) and the recovered two-layer canopy model (dotted line) 
for two spectral bands, visible (left) and near-infrared (right), and three leaf 
orientations, uniform (spherical), erectophile and planophile canopies.
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The leaf inclination index xi was derived by averaging the observed leaf angle distribution 
by Pinty et al. (1990) and found to be 0.245. Therefore, we shall use this value alongside 
the measured leaf area index as known canopy structural parameters.
The soil optical properties were estimated by fitting the soil reflectance data  to Hapke’s 
model. The plot of modelled and measured soil reflectances in various sun zenith angles 
and four spectral bands is shown in figure 5.7 and the estimated values are shown in table 
5.3.
0.25
0.2
0.15
0.1 45 5535 6525
Sun zenith angle
Figure 5.7: Comparison between measured and modelled soil reflectances in four spectral 
bands, band 1 (+ ) , band 2 ( x) ,  band 3 (*) and band 4 (o).
Model
Param eters
Spectral band [nm]
500-600 600-700 700-800 800-1100
Wl 0.395 0.467 0.578 0.644
0/ -0.268 -0.263 -0.269 -0.270
rm s  of fit 0.0015 0.0019 0.0028 0.0030
T a b le  5 .3: Soil optical parameters retrieved from Hapke's ordinary model in four spectral 
bands.
The reflectance factors obtained by the measuring process were smoothed by the effect of
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the diffuse incoming radiance distribution due to atmospheric scattering (Engelsen et ah, 
1996). This effect can be compensated by expressing the measured reflectance factor JR. as 
follows (Pinty et ah, 1989):
R{(lq, /i, g) =  '/•f(/'.o, g) +  g) -  ’’fC/z-o, h, g)] . f d M  (5.55)
where fd  is the ratio of the diffuse irradiance over the total irradiance, p,g)  is
the bidirectional reflectance factor measured in the case when only direct illumination is 
present, and
- r  .  ^ Jq' ' jQ^^rF{po,p,g)I{po,p^g)l-l'0(^Rod(/) / r7f (p,o, /a, j7) = ----------------------  rJ o  J o  I { p o . h . g ) l - i ' o d p o d ( l )
represents the angular average of the reflectance factors weighted by the diffuse incident 
irradiance. Tanré et al. (1983) suggested expressing f p  as follows:
r F (m J b g )  -  oj'pipo.p.g)  +  b (5.57)
Coefficients a and b were derived using the reflectance factor da ta  from savannah, pasture 
and forest at 45077 , and 850717??,. Following Pinty et al. (1990) and Engelsen et al. (1996), 
in this experiment, the values of a and b for the savannah at 450?r7?r were used for the 
visible bands, 500 — 60077.7??, and 600 — 70077,7??,, and the values at 850??,???, were used for the 
iiear-iiifrai’ed bands, 700 — 800??,???, and 800 — IlOO??,???,.
Atmospheric da ta  in the visible band were also collected by Ranson et al. (1984) to specify 
the value of fd.. However, data  in the near-infrared band were missing. P inty et al. (1990) 
and Camillo (1987) considered fd as another free param eter in the inversions of their 
canopy models. The retrieved values of fd from the inversions were unsatisfactory in 
both  works. Pinty et al. (1990) concluded tha t the contribution from the diffuse sky 
radiance must be provided since its correct value cannot be derived from the inversion of 
bidirectional reflectances. In this work, fd was assumed to be equal to the typical value 
for clear sky which is 0.2 for all spectral bands (the error is supposed to be within ±0.05). 
This approximation is not expected to produce significant error in the calculation of Wy. as 
the experiment by Pinty et al. (1990) showed th a t an error in the value of fd  of ±0.1 gave 
rise to an error in the value of the leaf single-scattering albedo of ±0.003 in the visible 
band.
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In addition, the estimated soil optical param eters (table 5.3), the known canopy structural 
param eters, L q = 2.89 and x i  = 0.245, and the ratio of diffuse skylight f d  =  0.2 were also 
used to estimate the canopy parameters. The model parameters, Wy, Qy and h were then 
evaluated for four spectral bands. The results are given in table 5.4.
Model
Param eters
Spectral band [nm)
500-600 600-700 700-800 800-110
0.175 0.141 0.835 0.973
0« -0.054 -0.049 -0.114 -0.131
h 0.137 0.122 0.147 0.143
rm s  of fit 0.0036 0.0033 0.0168 0.0215
T a b le  5.4: Canopy parameters estimated from our two-layer model in four spectral bands.
Leaf optical properties retrieved from our model were in the realistic value range in all 
spectral bands and were close to those retrieved by Pinty et al. (1990) using the Verstraete 
et al. (1990) model. The leaf single-scattering albedo values Wy were low in the visible 
band (high absorption) and high in the near-infrared band (low absorption). The phase 
function param eters were very close to zero in the visible bands indicating quasi­
isotropic scattering, and they were small but not zero in the near-infrared bands indicating 
some slight backward scattering.
The leaf hemispherical reflectance ?’/ and transm ittance ti were estim ated from these leaf 
optical properties. Since the equality of leaf reflectance and transm ittance was assumed 
in the model derivation, for the sake of the comparison, the observed values of '/■/ and ti 
were averaged together. The estimated values are given in table 5.5 alongside the averaged 
values of 77 and £/ measured at the same time as the bidirectional reflectance by Ranson 
et al. (1984). The results from this model were also compared to those predicted by the 
Verstraete et al. model and those predicted by the Camillo (1987) model. The Verstraete 
et al. model considered an infinitely thick vegetation, while the Camillo model is the 
derivation of the radiative transfer ecpiation of a vegetation canopy above a Lam bertian 
soil surface. We performed the inversion of the Verstraete et al. model under the same 
conditions as those used for our model. The results predicted by the Camillo model were 
retrieved from his work in which only two spectral bands, 500 — GOOtïtt? and 800 — llOOnyn,
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were reported (Camillo, 1987).
The predicted values from all models agreed well with the average observed values and 
the values predicted by our model were closest. The predicted values by our model and 
the Verstraete et al. model in band 700 — 800?i?77, deviated from the averaged values as 
expected.
Spectral bands ?7 and ti
{nm) Measurement Two-layer Verstraete Camillo
500-600 0.090 0.087 0.078 0.095
600-700 0.069 0.070 0.065 -
700-800 0.347 0.418 0.383 -
800-1100 0.486 0.489 0.450 0.470
T a b le  5.5: Comparison between the measured (averaged based on the DK-10 instrument) 
and retrieved soybean leaf reflectance and transmittance values from our two- 
layer model, the Verstraete et al. model and Camillo’s model.
In the visible band, the Verstraete et al. and the Camillo models estimated the leaf 
reflectance also quite close to the observed value. This indicates th a t in the visible band, 
w ith high leaf absorption, the single scattering component is the m ajor component. In 
addition, since this soybean canopy is relatively thick, the singly-scattered radiance from 
the soil surface as seen by the detector is very low. Therefore, the retrieved canopy 
param eters from three models are not very different in band 500 — GOO'/?,???,. However, in 
the near-infrared band, 800 —IIOOîiî??, the multiple scattering component is also im portant. 
The scattering between the vegetation layer and the soil surface cannot be neglected as the 
error from the predicted values of the Verstraete et al. model is noticeable. The scattering 
from the soil surface was taken into consideration in the Camillo model, bu t a Lam bertian 
surface was assumed. The predicted values were better than those of the Verstraete et al. 
model but worse than our two-layer model.
In order to present the accuracy of estimation of these values in all four individual bands, 
the averaged obseiwed-spectrum as measured by the DK-10 instrum ent was plotted along­
side the predicted values as shown in figure 5.8.
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Figure 5.8: Comparison of averaged observed leaf reflectance and transmittance spectrum 
and predicted values in four spectral bands from three models; ( x )  the two- 
layer model, (-f) the Verstraete et al. (1990) model . and (o) the Camillo (1987) 
model.
5 .4 .4  E x p e r im e n t  w ith  th e  B O R E A S  S S A  O ld  A s p e n  r e fle c ta n c e  d a ta
Forest; is a complex structure in which a homogeneous canopy model may not be suitable 
to use in achieving a good accuracy in canopy param eter estimation. In addition, although 
this forest canopy is homogeneously distributed by aspen trees in the observed area, the 
tree grouping can be noticed. However, the forest chosen for this study was composed of the 
overstory, the aspen trees, and the understory, the hazelnut shrubs. It is a good example 
to dem onstrate the capability of the proposed model to predict the canoijy properties of 
both the overstory and understory.
The model was tested against reflectance data  from the BOREAS Intensive Field Cam­
paign for its ability to retrieve the values of the model param eters, i.e. the leaf single­
scattering albedos and asymmetric factors of the overstory, aspen trees, and imderstory, 
hazelnut shrubs. These retrieved param eters were used to estimate the leaf reflectances of 
both layers. These leaf reflectances were then compared with the values from ground mea-
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suremeiits obtained by a spectrometer. This is only a limited test of the model, given th a t 
the two sets of values were expected to deviate for both the overstory and the understory 
due to the complexity of the forest system.
The atmospherically-corrected bidirectional reflectance factors for a small homogeneous 
area in BOREAS Old Aspen forest in the Southern Study Area (SSA) site which were 
acquired by the Advanced Solid-state Array Spectrometer (ASAS) (R.ussell et al., 1997) 
instrum ent on board aircraft 0-130 were used as the bidirectional reflectance d a ta  in this 
experiment. Leaf reflectance spectra of the same study site were obtained by Middleton 
et al. (1997). The leaf area index in this study site has been derived by Chen et al. (1997) 
to be equal to 2.42. The canopy reflectance spectra (wavelength 550 —900?mr) were divided 
into 8 spectral bands and named as band 1 to 8. Bands 1 to 4 were in the visible region 
and 5 to 8 were in the near-infrared region.
The model was treated difterently in this experiment. The bottom  layer was assumed to 
be an infinitely thick vegetation canopy whereas the top layer was still a  th in  vegetation 
canopy. Since the leaf angle distribution of the forest used in this experiment has been 
observed and reported (Chen et al., 1997; Rich, 1999) to be randomly distributed, the 
implication is tha t the G'-function is constant and equal to 0.5 both  for the overstory 
and the understory. Therefore, it can be shown that the formulae of our model are still 
applicable for this case. However, the instantaneous field of view of the detector is quite 
large (19.3 degrees). The peak of the hot spot was averaged within the field-of-view of 
the detector. In addition, the canopy inhomogeneity induced by the discontinuities of the 
forest canopy affected the accuracy of the modelling of the hot spot effect derived by Hapke 
(1986, 1993) who assumed a homogeneous medium. Therefore, the hot spot function was 
neglected in this study.
The effect of atmospheric diflFiise incoming radiation was included in the model by using 
(équation (5.55). The values of coefficients a and b in equation (5.57) were again adopted 
from Tam e et al. (1983) by using the coefficients for forest. However, Tanré et al. (1983) 
reported only values for coefficients a and b for forest in the visible band (450??.v?t). We 
used the same values for the all bands. So, we may expect some deviation between the 
predicted values of average leaf reflectance and transm ittance from the measured values
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in the near-infrared bands.
The bidirectional reflectance data were inverted to retrieve the leaf single-scattering albedo. 
The leaf area index and leaf inclination index xi were kept fixed during the inversion, i.e. 
L q — 2.42 and xi ~  0. The model parameters, i.e. leaf single-scattering albedos and 
asymmetric factors of both layers, were retrieved from the optimal fit of the model to the 
reflectance data. The retrieved values for the overstory and understory and the rm s  of fit 
are summarised in table 5.6.
Model
parameter
Visible spectral bands Near-infrared spectral bands
1
(500-550)
2
(550-600)
3
(600-650)
4
(650-700)
5
(700-750)
6
(750-800)
7
(800-850)
8
(850-900)
Overstory Wu 0.035 0.071 0.053 0.059 0.528 0.804 0.809 0.826
-0.448 -0.407 -0.401 -0.355 -0.189 -0.230 -0.222 -0.241
Understory 0.192 0.309 0.155 0.113 0.687 0.807 0,847 0.819
0 -0.320 0.001 0.142 0.395 -0.602 -0.681 -0.684 -0.712
rnm  of fit 0.0022 0.0021 0.0018 0.0015 0.0040 0.0074 0.0082 0.0160
T ab le  5.6: Retrieved model parameters in eight spectral bands.
Leaf reflectances of the aspen trees and hazelnut shrubs were then estim ated from these 
single-scattering albedos. The comparisons between the modelled and measured leaf re­
flectances in the overstory and the understory are shown in figure 5.9 and 5.10, respectively. 
The results from the model without the correction of the difi'use incoming radiation are 
also given in these figures.
The model underestim ated the leaf reflectance in all spectral bands for the overstory as 
shown in figure 5.9. This may be because due to the discontinuous forest canopy, tree 
crowns cast shadows on other trees and the background. The radiance as seen by the 
detector comprised the radiation from different components, e.g. the sun-lit and shadowed 
tree crowns, as well as sun-lit and shadowed background (Li and Strairier, 1985). The 
reflectances of both shadows in tree crowns and background were very low in all spectral 
bands. In addition, the background in this forest was vegetative surface, i.e. hazelnut 
shrubs, therefore, the radiation components of sun-lit tree crowns and background were 
not too different. Then the apparent canopy reflectance was lower than  what we would
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F ig u r e  5.9: Comparison of leaf spectral reflectance of the overstory from measurements and 
from the m odels:(+) with and (o) \A/ithout the correction of diffuse incoming 
radiation.
expect from the reflectance of the same canopy i^arameters in the homogeneous case. 
Therefore, the estim ated leaf reflectances from the lower canopy reflectance were lower 
than  the measured ones.
The results from the model with the correction of the diffuse incoming radiation were 
similar to those without the correction in the visible bands. In the near-infrared bands, 
the model with the correction gave slightly better results.
The hazelnut canopy was uniform forming a homogeneous understory. The model with 
the correction of the diffuse sky radiation gave excellent results in the estim ation of leaf 
reflectance for the understory in the visible bands, but gave underestim ated results in 
the near-infrared bands. The model without the correction overestimated in the visible 
bands and gave similar results to those with the correction in the near-infrared bands. If 
coefficients a and b for forest in the near-infra,red region can be obtained, the model may 
predict the canopy param eters more accurately in this region.
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F igure 5.10: Comparison of leaf spectral reflectance of the understory from measurements 
and from the models:{+) with and (o) without the correction of diffuse in­
coming radiation.
5.5 D iscussion  and C onclusions
111 this work, a model for predicting the bidirectional reflectance from homogeneous vege­
tation canopies with non-Lambertian background was developed. The effect of anisotropic 
scattering of the background contributing to the canopy reflectance was observed. It was 
found that, in the visible band, for a canopy with leaf area index equal to or more than  
2.0, the backward scattering was almost undetectable from the bidirectional reflectance 
distribution in the principal plane. The results also showed that the erectophile canopy is 
the most sensitive to the anisotropic background with the same leaf area index.
The model was inverted with simulated and field-measured bidirectional reflectance data. 
It was shown that the model param eters can be retrieved from the inversion process. The 
model param eters, i.e. the single-scattering albedos, were estimated and compared with 
known values or ground data. The model fitted very well to the simulated data  from the 
SAIL model in three leaf orientations, e.g. erectophile, uniform and planophile. However, 
in order to retrieve the model param eters accurately, the experiment showed th a t all model
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param eters slioiilcl not be estim ated at the same time during the inversion process. Either, 
the canopy structural or the optical param eters must be kept fixed at known values. Then 
the other param eters can be estim ated accurately from the same canopy for different soil 
brightnesses.
The average of leaf reflectance and transm ittance were estimated from the leaf single­
scattering albedos in two different field measurements; soybean canopy and old aspen 
forest.
Ill the soybean canopy, three canopy models were used to fit the reflectance data. Among 
three canopy models, our model was the best model in estimating leaf reflectance. The 
Camillo (1987) model, which considered the background as a Lam bertian surface, and the 
Verstraete et al. (1990) model, which considered the vegetation as a thick medium and 
neglected the background, gave reasonable estimations. These results showed th a t the 
consideration of the non-Lambertian background gave the best estim ation of the canopy 
param eters.
In the old aspen forest, the experiment showed the capability of the model to extract 
information from a two-layer canopy. The model underestim ated the leaf reflectance in 
the overstory because of the discontinuing canopy in the aspen forest. This discontinuity 
causes the shadow as seen in the field-of-view of the sensor which reduces the apparent 
reflectance of the canopy.
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C hapter 6
A sim ple non-linear spectral 
m ixing m odel
111 this chapter, a simple iioii-liiiear mixing model is developed. The bulk spectral re­
flectance from each component is considered as an endmemeber in the spectral m ixture 
analysis. The second order interactions between the components, i.e. vegetation and 
background, is of interest and is used to describe the shadow component in the spectral 
m ixture analysis. The canopy biophysical param eters for m oderate canopy densities are 
retrieved Iry using this model.
6.1 In trodu ction
The linear spectral mixing model has been widely used to derive the coverage area of 
canopy over bare soil in semi-arid or arid areas. This approach considers the canopy as 
a checkerboard surface. Sun light interacts with components only once (single scattering) 
before reaching the sensor. The canopy reflectance is considered as the linear sum of the 
reflectances of each m aterial, i.e. vegetation and bare soil.
Hiiete (1987) presented a linear mixing model by considering the first order interaction 
between vegetation and soil. A canopy is considered as a vegetation layer which lies on the 
top of the soil background. The measured spectrum  is composed of a soil component and
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a vegetation (free from soil) component. The soil component consists of all radiant fliix 
reaching the sensor tha t has interacted with the soil background. Huete arranged a linear 
equation of two terms, the first term  is the vegetation component and the second is the 
weighted soil component. The soil component is weighted with the probability th a t radiant 
flux can pass through the gaps in the vegetation layer, reflected back by the soil, and then 
pass through the gap in the vegetation layer again. This probability is described in terms 
of the transmission. (It should be noted tha t this term  is not the physical param eter we 
have used, i.e. transm ittance.)
However, it has been shown by many investigators (Borel and Gerstl, 1994; Ray and 
Murray, 1996; Gilabert et ah, 2000) tha t the light interaction between vegetation and soil 
is im portant in the estimation of canopy closure or in the retrieval of canopy param eters, 
e.g. the leaf area index (LAI).  Light also interacts with multiple materials, e.g. leaves, 
iDranches, stems, soil, etc., as it is scattered by the vegetation canopy to the sensor (Ray 
and Murray, 1996). In this approach, the canopy is considered as a non-linear mixture. 
The spectral reflectance of this m ixture is not simply a linear combination of the reflectance 
spectra of the materials being mixed. The nonlinear mixing between vegetation and soil 
components has been observed (Roberts et ah, 1993; Ray and Murray, 1996).
Several canopy models in different approaches, e.g. the geometric, radiative transfer, 
computer simulation, etc., have been proposed in order to explain the phenomenon of 
the non-linear mixing between soil and vegetation or between the vegetation elements or 
foliage, i.e. leaves, branches, flowers, etc.. These models are complicated and several 
canopy param eters are needed to be used as input param eters of the models.
In this study, a simple non-linear spectral mixing model is proposed in order to model 
the second order interaction between vegetation and soil w ithin the canopy in the spectral 
m ixture analysis. The interaction of light between vegetation and soil is accounted for 
by the fraction of shadowed soil as seen from the sensor. Although this model has a 
similar form to those proposed by Ray and Murray (1996); Zhang et al. (1998), different 
assumptions have been made among these models as will be seen in the next section. In 
addition, we show explicitly that this simple non-linear spectral mixing model can be used 
to quantify the canopy coverage and leaf area index.
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6.2 Spectral m ixing m odel
6 .2 .1  T h e  s im p le  n o n -lin e a r  s p e c tr a l m ix in g  m o d e l
We assume a liorizoiikally-homogeneous layer canopy composed of uniformly distributed 
vegetation elements on top of the background. We also assume th a t the reflections from 
the vegetation elements and background are isotropic.
Sun light falls on the canopy and then is reflected to the sensor. The reflected light can 
be considered as the combination of light from several paths. The basic paths of light, as 
shown in figure 6.2.1, are: (1) light reflecting from the vegetation layer, which includes both 
the single and multiple reflections (scatterings) from all vegetation elements or foliage, (2) 
light reflecting from the background and (3) light transm itted through the vegetation layer 
and reflected from the background. We define the reflectance of the vegetation layer to 
be '/■/, and the reflectance of the background to be ?7,. The path  of light which is blocked 
by foliage causes shadows on the background. In this path, we assume th a t light is not 
totally blocked by the foliage but transm itted  in the same direction and then reflected by 
the background. We assume that the reflectance of shadow can be calculated from the 
product of the transm ittance of the vegetation layer and the reflectance of soil. Therefore, 
the apparent reflectance of the canopy as seen by the sensor is given by
r ’ =  nry +  br^  +  ctyrl (6.1)
where r'' is the apparent reflectance of the canopy, is the reflectance of the vegetation 
layer, v/, is the reflectance of the background or bare soil, and ty is the transm ittance of 
the vegetation layer in spectral band i; o. is the canopy closure, b is the proportion of sunlit 
l^ackground, and c is the proportion of shadowed background, as seen from the sensor in 
the vertical direction, with the constraint a +  /; +  c =  1.
The shaded foliage is not explicitly given by equation (6.1) bu t it is included in the 
first term  on the right-hand side since the multiple scattering is included in this term. 
Therefore, a represents the proportions of both  the sunlit and shaded foliage.
The spectral signature of components, i.e. vegetation and soil, aie referred to as endm,em­
bers. These endmembers are the features in a scene which are regarded as having uniform
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Figure 6.1; The simple paths of light: (1) reflected from vegetation elements or foliage, e.g.
leaves, branches, etc., with reflectance 7 7 , (2) reflected from background with 
reflectance Vh and (3) transmitted from the foliage with transmittance i f  and 
reflected from the background, which is the product of t f  and
properties (Straliler et al., 1986). The identification of these endmembers is not straight­
forward and depends on the scale and the purpose of the study (Milton and Emery, 1995). 
The extraction of endmembers from spectral mixtures has also been studied recently by 
several investigators (Garcia-Haro et ah, 1999; Faraklioti and Petrou, 2000; Bateson et ah, 
2000). However, this is beyond the scope of this study, therefore, we shall assume that 
the endmembers of vegetation and soil are known.
Moreover, in the simple non-linear spectral mixing model (ecjuation (6.1)), the transm it­
tance of the vegetation layer cannot be obtained from the scene. Normally, the trans­
mittance and the reflectance of leaves have similar characteristics and values. We shall 
assume that the vegetation layer is composed mostly of leaves and that the leaf transm it­
tance is equal to its reflectance. This appears to be a reasonable assumption for both the 
visible and near-infrared spectral bands (Ross, 1981; Roujean et ah, 1992). If the canopy 
is not very dense, we may also assume that the transm ittance of the canopy layer can be 
ap]3roximated by its reflectance. This assumption will not be valid for a very dense canopy 
since the transm ittance of the vegetation layer in that case approaches zero. W ith these
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assumptions, the model derived is not valid for dense canopies.
Under the above assumptions, equation (6.1) takes the form:
r* — arj' +  br'l +  (6.2)
If we ignore the product term  in this equation, it becomes a linear mixing model of two
components:
r''' — o.vy +  b'l  (6.3)
Garcia-Haro et al. (1996) used a linear mixing model which including the shadowed back­
ground as a third endmember. We shall show later in the experimental section tha t the 
nonlinear model can be used to explain the th ird  component of the three-component linear 
model.
6 .2 .2  T h e  e s t im a t io n  o f  le a f  area  in d e x
We can now relate the proportions in equation (6.2) to the canopy param eters, i.e. leaf area 
index [LAI)  and leaf angle distribution [LAD).  W ith the assum ption of the uniformly- 
d istributed vegetation elements in the canopy, the probability of a beam passing through 
the vegetation layer is expressed (Chen and Leblanc, 1997; Nilson, 1999) as
P^(6') =  ex p [-G (0 )L A //co s  (9] (6.4)
where G[9) is the Ross-Nilson G-function, the projection of a unit foliage area on the
plane perpendicular to the direction of zenith angle 9 which can either be the zenith angle
of the solar or view direction, and L A I  is the one-sided foliage area index. Hence, the 
probability of a beam from the background passing through the vegetation layer to the 
nadir view detector is
Py(0) =  exp[-G (0)LA I] (6.5)
The canopy closure n, in equation (6.2), can be derived by using equation (6.5) as
a =  1 — Pg[0) — 1 — exp[—G[0)LAI)  (6.6)
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According to Pinty et al. (1990), the G-function may be estimated practically by the 
widely used Goudriaan (1977)’s empirical function :
G{9) =  # 1  + $ 2  cos g (6.7)
=  0.5 -  0.6333%; -  0.33xf 
4/2 -  0.877(1 -2 4 /1  )
where %/ is the inclination index of the foliage area (Ross, 1981). The values of xi foi'
different kinds of vegetation have been summarized by Ross (1981) as shown in table 6.1
alongside the calculated values of the G-function for several kinds of leaf orientation.
Foliage orientation XI G(0)
Uniform 0 0.50
Horizontal 1 1.00
Vertical -1 0.05
Planophile 0.59 0.79
Erectophile -0.22 0.40
Plagiophile 0.45 0.72
Extremophile 0.34 0.67
T a b le  6 .1: The inclination index of foliage area in different foliage orientations (Ross, 1981).
G(0) is the G-function for the nadir view calculated from Goudriaan’s function.
We can now derive the L A I  by means of the estimated canopy closure as shown by 
equation (6.6). We can also derive further the proportions b and c as follows. The fraction 
of the sunlit background seen by the sensor, 6, is given by the probability th a t light is not 
intercepted in the downward and upward directions:
b =  PJ8i)PJ0) (6 .8)
where 9-, is the solar zenith direction. In addition, the fraction of the shadowed ground 
seen by the sensor, c, is given by the probability tha t light is transm itted through the 
vegetation and reflected from the ground before reaches the sensor:
c =  P , { 0 ) { l - P , { 8 i ) ) (6.9)
It should be noted that the sum of a, 5, and c from equations (6.6), (6.8) and (6.9) is equal 
to 1.
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6.3 E xp erim ents and results
To validate the iion-linear mixing model of equation (6.2), we use the data  from the 
laboratory experiment which was conducted by Garcia-Haro et al. (1996). The data  
concern Quercus ilex rotundifolia,which is vegetation of average height of 26c?n over bare 
soil and uniformly distributed over boxes of dimension 29c?n x 49c?n, providing canopies 
w ith a plagiophile leaf distribution. The G-function is then calculated from equation 
(6.7). The plagiophile distribution has the inclination index 0.45 (see table 6.1) which 
gives G(0) =  0.72.
L A I
Linear model Linear model with 
.shadow fraction
Non-linear model
a b L A I c a b c L A I c a b c L A I c
0.0 0.0 1.0 0.0 0.0 1.0 0.0 0.0 0.0 0.999 0.001 0.0
0.24 0.230 0.770 0.363 0.203 0.769 0.028 0.315 0.205 0.769 0.026 0.319
0.56 0.51S 0.482 1.014 0.378 0.466 0.156 0.659 0.349 0.471 0.180 0.596
0.94 0.660 0.340 1.498 0.507 0.343 0.150 0.982 0.489 0.329 0.182 0.932
1.30 0.762 0.238 1.994 0.647 0.234 0.119 1.446 0.626 0.229 0.145 1.366
1.70 0.826 0.174 2.429 0.717 0.170 0.113 1.753 0.695 0.165 0.140 1.649
2.40 0.965 0.035 4.65G 0.920 0.027 0.053 3.508 0.891 0.031 0.078 3.078
Table 6.2: The proportions of two and three endmembers (vegetation, bare soil and shadow) 
as derived from two linear and one non-linear mixing models using the reflectances 
in the TM spectral bands. LAIc  is the calculated leaf area index using equation 
(6.12), and LA I  is the true value measured from the experiment.
The L A Is  were measured by a LIGOR-2000 LAI Canopy Analyzer with a standard devia­
tion of less than  0.1. The reflectance spectra were measured by a GER.-SIR.IS Spectrometer 
at 2m  height in the nadir view. Then filters reproducing six TM  bands were applied.
The vegetation was arranged in order to give various L A I ,  ranging from 0 (no vegetation) 
to 2.4. The vegetation endmember was derived from reflectance measurements on a canopy 
with 100% coverage a.rea which presented an L A I  value of 4.0. A part from the soil 
spectrum , they also obtained the reflectance spectra of shadow on the soil surface. This 
shadow spectrum  was used as the th ird  component in their linear mixing model
r' = aPf 4- brl crl (6.10)
where tI is the reflectance of shadowed background in spectral band i. We shall compare
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the results of this model (equation (6.10)) w ith those of our non-linear mixing model 
(equation (6.2)).
In order to find proportions a, b and c, the measured reflectances in six TM  spectral bands 
of foliage, liare soil and shadowed background (the last one used only for the linear mixing 
model of equation (6.10)), were used to minimize 5^ defined by
=  “  r(a ,5 , c ;r j , r j ) ]  (6.11)
k=l
where is the measured and r  the modeled reflectances of the canopy, for the reflectances 
of foliage y y and bare soil rj)', in spectral band k, and n  is the number of the spectral bands 
which is 6 in this experiment.
Proportions a, b and c were then estimated from equation (6.11) for two linear mixing 
models, given by equations (6.3) and (6.10), and a non-linear mixing model, given by 
equation (6.2). Table 6.2 shows all estimated proportions and the corresponding L A I  
values from the two linear and the non-linear mixing models. The canopy L A I  can be 
derived from a with the help of equation (6.6) as
The estim ated L A I  values from the linear mixing model of equation (6.10), w ith known 
shadow spectrum, are calculated from proportion a which is retrieved from the results of 
the Constrained Least-Squares (CLS) method used by Garcia-Haro et al. (1996).
The plot of the estim ated canopy closure a versus the actual L A I  compared to the canopy 
closure calculated from the actual L A I  using equation (6.6) is shown in figure 6.2. The 
plots of the estimated background fraction and shadow fraction against the actual L A I  
are shown in figures 6.3 and 6.4 respectively.
The comparison of all models used is presented in figure 6.5 as the plots of the estim ated 
L A I  against the actual L A I.
6.4 D iscussion
All models overestimated the vegetation fraction especially for a dense canopy, see figure 
6.2, while all models gave similar results for the soil fraction, see figure 6.3.
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F ig u r e  6 .2 : The canopy closure against L A I  as derived from (o) the linear mixing model 
without shadow fraction, (A ) the linear model with the shadow fraction and 
(*) the non-linear model, compared to the canopy closure calculated from the 
actual LAI .
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F ig u r e  6 .3: The soil fraction against L A I  as derived from (o) the linear mixing model 
without shadow fraction, (A ) the linear model with the shadow fraction and 
(*) the non-linear model.
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F ig u r e  6 .4; The shadow fraction against L A Î  as derived from (A ) the linear model with 
the shadow fraction and (*) the non-linear model.
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F ig u r e  6 .5 : The leaf area index calculated using: (o) the linear mixing model without shadow 
reflectance spectra, (A ) with shadow spectra; (*) the non-linear mixing model.
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The shadow fractions derived from the non-linear model are also close to those derived 
from the lineai- model with known shadow spectra as shown in figure 6.4. This confirms 
th a t the product of the reflectances of foliage and soil, can be used successfully to represent 
the spectrum  of the shadow component.
One can see from figure 6.5 tha t the linear mixing model of equation (6.3) (which considers 
only the reflectances of foliage and soil), consistently overestimates L A I ,  especially when 
the canopy is dense. This is because this linear model uses only two components and the 
multiple scattering is ignored. This causes the overestimation in the derived vegetation 
fraction.
The linear mixing model with known shadow reflectance spectrum, given by equation 
(6.10), gave a much better result. The non-linear model gave a slightly better estim ation 
of L A I  for the full range of its values than  the linear model with known shadow spectrum, 
although it uses only the reflectances of foliage and soil. However, bo th  models overes­
tim ated the L A I  for the case of dense canopy, i.e. when L A I  =  2.4. This is because, 
in a dense canopy, the higher order scattering within the canopy, e.g. vegetation-soil- 
vegetation, etc., increases significantly and we have ignored this higher order terms for the 
sake of simplicity of the model.
6.5 C onclusions
This study evaluated w ith real data, the use of a simple non-linear mixing model to 
model the second order scattering within the canopy. The shadow reflectance spectrum  
was assumed to be the product of the reflectances of foliage and soil. The results of the 
experiment showed that this assumption is acceptable. The leaf area indices derived from 
this simple non-linear mixing model were close to the actual ones in sparse canopies. For 
the dense canopy, the L A I  was overestimated. Higher order scattering must be taken 
into consideration in this case. Canopy models may be applied to overcome the multiple 
scattering.
Briefly, the results from this experiment showed that the simple non-linear model can 
be applied to sparse uniformly-distributed homogeneous canopies to extract the leaf area
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index with high accuracy.
C hapter 7
Conclusions
111 th is research study, non-linear mixing models have been developed to achieve accu­
rate unmixing of the proportions of components in mixtures and retrieval of the physical 
(biophysical) param eters of the m ixture surface. The work includes the study of light scat­
tering from linear and non-linear mixtures, the utilisation of linear and non-linear spectral 
mixing models in unmixing problems, the criteria of directional reflectance data  selection, a 
development of a canopy reflectance model and the retrieval of the biophysical param eters 
of vegetation canopies from directional reflectance data using canopy reflectance models, 
and the non-linear mixing effects in the spectral mixture analysis.
Novelties of this study are criteria of directional reflectance data  selection in a reflectance 
model, a newly-developed two-layer analytical canopy reflectance model which considers 
the non-Lam bertian background, and a simple non-linear mixing model used in the spectral 
m ixture analysis approach.
7.1 R esearch contributions
The summ ary of significant contributions as a result of this research study is as follows.
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7 .1 .1  S tu d y  o f  t h e  lin ea r  an d  n o n -lin e a r  sp e c tr a l m ix in g
The experiment in this study showed the superiority of the non-linear spectral model over 
the linear model in unmixing the jDroportions of powdered-chalk components. This proved 
that the mineral m ixture is better modelled by a non-linear mixture.
7 .1 .2  C r ite r ia  o f  d ir e c t io n a l r e fle c ta n c e  d a ta  s e le c t io n
The study presented the use of error amplification factors in order to design the criteria 
for the selection of directional reflectance data. It also showed th a t information contained 
in directional reflectance da ta  can be useful or damaging depending on the measurement 
geometry and the brightness of the observed surface.
These criteria can directly be employed to an application th a t uses Hapke’s simplified 
model to estimate the single-scattering albedo. This study also contributes a guideline to 
design other criteria for other models.
7 .1 .3  D e v e lo p m e n t  o f  a c a n o p y  m o d e l
A new canopy reflectance model was developed. This new model can be applied for 
more general vegetation canopies since the model takes into account the non-Lambertian 
background. The effect of the anisotropic scattering from the background to the canopy 
reflectance was described from different density and leaf-orientation canopies. The model 
was validated against directional reflectance data  from field measurements. A better es­
tim ation of the canopy biophysical param eters has been achieved over two other models, 
e.g. one th a t assumed a thick canopy, and another th a t assumed a Lam bertian back­
ground canopy. This model, derived from the assumption of homogeneously and randomly- 
distributed canopy elements, was also applied to a forest canopy. The results showed the 
complexities of the forest canopy for which our model may not be applicable.
7 .1 .4  S p e c tr a l m ix tu r e  a n a ly s is
The spectral m ixture analysis approach has been widely used for the unmixing of vegeta­
tion surface because of its simple form in which the ground cover can be rapidly estimated.
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However, due to the neglect of the non-linear component, this approach cannot extract the 
shadow fraction from the vegetation and background fraction. This study has developed a 
simple non-linear mixing model in the spectral m ixture analysis approach. The reflectance 
from a mixture, i.e. vegetation canopy, is modelled by the weighted sum of three compo­
nents, which are the bulk reflectances from (1 ) vegetation, (2 ) soil background, and (3 ) 
shadowed background which is represented by the second order interaction between vege­
tation  and background. The multiple scattering component is simplified to be the product 
of the bulk reflectances of vegetation and soil. Results from the experiments showed that 
the model can be used to estim ate the vegetation cover and lead to the retrieval of the 
biophysical param eters (LAI) of m oderate canopy densities.
7.2 Future work
Although we have achieved accurate estimates of biophysical param eters from the soybean 
reflectance data  using our new canopy model, the model cannot explain well the complexity 
of a forest canopy, since this complexity affects the assumptions made by the model.
One possible idea to overcome the complexity of forest canopy is to combine a geometric 
model to our radiative transfer model. The Li and Straliler (1985) model is suitable for 
this purpose. A similar approach has been proposed by Ni and Li (2000). Their model 
considers the anisotropic background in the geometric part by using Hapke’s original 
model. However, in the radiative transfer part, the Lam bertian background was still 
assumed. Instead of having the param eters for the background in the geometric part and 
computing for the diffuse reffectance for the radiative transfer part, in the combination of 
our model with Li and Straliler (1985) model, both parts can use the same param eters to 
describe the anisotropic background since our model is based on Hapke's original work.
However, more canopy structural param eters, e.g. tree shapes, tree height-to-width ratio, 
tree separation, etc., are needed as input param eters in the geometric part to utilise this 
hybrid model in the estim ation of canopy biophysical parameters.
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A p pendix  A
D efinitions o f the radiant-energy  
quantities
The radiant-energy quantities are defined here. More details can be found in Elachi (1987).
* Radiant energy, Q: The energy carried by an electromagnetic wave. It is a measure 
of the capacity to do work, for example heating an object or changing its state, and 
is measured in joule. The amount of energy per unit volume is defined to be the 
radiant energy density W  :
1-F =  ^  joule/m ?  (A .l)
• Radiant flux, The time rate at which radiant energy passes through a certain 
location or the time rate w ith which it is doing work, i.e. its power. The term  flux  
is also used to describe the time rate of flow of quantised energy elements such as 
photons. The unit is watt.
4> — watt  (A.2)
® Radiance fl.ux density
Irradiance J  or radiant exitance M : The radiant flux passes through a unit area of
a plane surface. The density of flux incident upon a surface is irradiance J. The
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density of flux leaving a surface is radiant exitance M  (see figure A .l). These are 
measured in w att /nF .
J, M  = w a t t /m “ (A.3)
dA dA
( a )  T h e  i r r a d i a n c e  t o  a s u r f a c e  e le ­
m e n t  f / / l .
( b )  T h e  r a d i a n t  e x i t a n c e  f r o m  a s u r ­
f a c e  e l e m e n t  dA.
Figure A .l :  The radiance flux density.
Solid angle, w: The angle of the apex of a cone. This cone intercepts the surface of 
a sphere, see figure A.2(a). The solid angle is measured in steradian or sr. The solid 
angle of a cone is equal to the intercepted area divided by the square of the sphere’s 
radius r  (see figure A.2(b)):
dA {rdO) (r sin 9d(f))
Integration of solid angle over the hemisphere
'•27T /■7t / 2
=  sin OdOdcj) sr
r  /  Z rn/z,I doj = I sin OdOdcj) =  27t sr
Jlieinisphere Jo /o
(A.4)
(A.5)
sr (A.6 )
Integration of solid angle over the whole sphere :
•'27r ric
duj = I
 ^splier I
For convenience, in this thesis we used the following notations for the integration 
over a hemisphere and the sphere
r r2-K /‘TT
/  I sin OdOdcp =  47t
J h e ./ 0 ./ 0
J27T Ihe7nisphere
J in  ~ Jsphere (A.7)
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( a )  T h e  solid  a n g l e  in a h e m i s p h e r e ( b )  A d i f f e re n t ia l  so lid  a n g l e
F ig u r e  A .2; A solid angle of a cone in a hemisphere.
Radiance, L: The radiant flux per unit solid angle leaving an extended source in a 
given direction per unit projected area in tha t direction (see figure A.3).
L  — dojdA cos 6 w a t t / { in  sr) (A.8)
S u rfa c e  n o rm a l
F U l x , 0
ffi) dA cosQ
“ P ro je c te d  so u rc e  a re a  
dA c o s  G
dA Ÿ
F ig u r e  A .3 : The radiance from source within a solid angle.
If the radiance from a source does not change as a function of the direction of 
emission, the source is Lambertian. Such an example is the radiance from a piece of 
white m atte paper illuminated by diffuse skylight.
Intensity of radiance or Radiation of intensity, I: Radiance of the monochromatic
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radiation, defined as the radiant flux per unit wavelength interval around the wave­
length A, per unit solid angle per unit projected area. This quantity is also known 
as spectral 7'adiance or specific intensity.
 ^^ dXdjZœse  (A,9)
A p pendix  B
The derivations of error 
am plification factors
B . l  T he derivation of %di
Function H  (//,) is given by
We define:
H{p)  = 1 +  2 /.i (B .l)
(B.2)
(B.3)
can be derived as follows;
B . -d f  _  d f  dpo _  dcos i  d „  wdi dpQ di di d//.o
_  .  f n  ^  r r  I T
di.1.0 .4(mo +  aO ° ^
4(a4o +  aOHoHi
= Hi sin i w dHp ^4(/iQ +  p) dpQ dpo
lU
A{ho +  aO
We have:
(B.4)
dHp
dpp
d f  1 +  2 /.fo
dp.p V1 4“ 2 /,iQ \ / l  — yj
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_  (1 +  2 / i o \ / l  -  w ) - ^ { l  +  2 /io ) — (1 +  2 / i o ) ^ ( l  +  2 /./ ,o \/l -  w)
(1 +  2 /ioV l ~
(1 +  2 ^ 0 \ / l  — tu) • 2 — (1 +  2 /io )(2  ' \ / l  — w )
( 1  +  2poxJl -  w)^
2 +  4/_(o \ / l  — w  ~  2 \ / l  — w  — 4/Uq \ / l  — w  
(1 -f 2/io \ / l  -  tu)2 
2 — 2 \ / l  — wdHp
dpp (1  +  2pp\/l  ~  w Y  
If we substitu te from (B.5) into (B.4), ^  becomes:
(B.5)
di
w 2 ~ 2 s / r = w
4(/Jo +  p) (1 4- 2pp\/l  — w Y  4 dpp4- Hpur
2 — 2 >/l — w ^  pr ^  
4(/-io 4- A^ ) (1 4- 2 p p y / \  — ru)^ 4
V) 2 — 2 \ / l  — W 7L
w d 1
'tu
(a^ o 4- p) 
1
{po 4- p Y  
Hp
^{Po 4- p) (1 4- 2pp\/l  — w Y  ^{po 4- p) {po 4- p)
Hpw
4(a/'0 4- p) 
w
4(po 4- p) 
w
4{po 4- p) 
w
4{pp 4- p) 
w
2 - 2 / r w
(14- 2pp \ / l  — tu)^ {pp 4- p)
(2 — 2 \ / l  — 'It») (1 4- 2pp) Hp
(1 4- 2jUo\/T^-lü)^ (1 4- 2pp) {pp 4- p)
(2 — 2 \ / l  — w) (1 4- 2/io) Hp
Hi  sin i
Hi  sin i
H i  sin A
H i  sin i
H i  sin'A
H i  sin A
H i  sin A
H i  sin A 
w
4{pp 4- p) 
w H p H i  sin A 
4(/io 4- p)
2fip 4“ 2jjL — 2f.ip \ / l  — w — 2 / / \ / l  — w — 1 — 2fjip — 2 /io \/l  — w  — 4/iQ \J \  — 
(14- 2iip\/l  — tu)(l 4- 2/io)(/to 4- p) 
wHpHi  sin A 2/i — 2 /i\ /l  — w — 4/io \ / l  — w — 4/ig \ / l  — w — 1 
4(/io 4- p) (1 4- 2/io \ /f  — tu)(l 4- 2/io)(A^o 4- p)
wHpHi  sin A 2/i — 1 — 2^/1 — 'tu(/i 4- 2/io 4- 2/iQ)
4(/io 4- /i) (1 4- 2/.tQ\/l — iu)(l 4- 2/io)(/io 4- p)
(1 4- 2 / io \ / l  — t(;)(l 4- 2 /io ) (1 4- 2 / io \ / l  — tu) {pp -H /i)  
(2  — 2 \ / l  — w) Hp
(1 4- 2 / i o \ / l  — tt;)(l 4- 2 /io )  
(2 - 2 v T ^ )
Hp —
4{pp 4- p.) Hp
(Pp 4- /i) 
1
(1 4- 2/io \ / l  — tu) (1 4- 2/io) (po 4“ p)
H  H  ^ni A ~ ~ ' )^(AtQ 4- /i) — (1 4- 2 /io \ /T '— tu)(l 4- 2 /io )
(1 4- 2/ioVl — tu)(l 4- 2/io)(/io 4- p)
w
Therefore,
d f  wHpHi  sin A 2/i — 1 — 2 \ / l  — tu(/i 4- 2/io 4- 2/iQ)
di 4 (/io -f/i) (1 4 -2/ioA/I~—T u)(l 4 -2/io)(/io 4 -/i) (B.6)
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B .2  T he derivation o f a^w
= Adu) dw
=  0 -  /
B . - w4{po +  //.) 
w d
H qH i
w
4{pq +  p ) .
w d
4{pp +  p),4(/io + p) dw
^  %  m \  . H p fh  1
4(/io +  p) \  ° ÔÎU  ^ dw j  4(//,o +  //.) (B.7)
We have:
dH i ^ 1 +  2 /i \
d7u dw  VI 4 - 2 / i \ / l  - w )
=  (1  +  2 /i)
=  (1  +  2 /i)
=  (f +  2 /i)
=  (1 +  2 /i)
<9(1 +  2 /i \ / l  — tu) d
5(1 +  2 / i \ / l  -  w) dw (1 +  2 /i> /l — w)
- 1 d
- 1 1 1
(1  +  2 / i \ / l  — w Y   ^ 2 \ / l  — w
P 1
(1  +  2 / i \ / l  — iu)2  \ / l  —w
(1 +  2 /i) /i 1
5 ffi
diu
Therefore
(1  +  2 / i \ / l  — tu) (1  +  2 / i \ / l  -  w) </l — tu
_________H i p _________
(1  +  2 / i \ / l  — w) \ / l  — w
Similarly
dH i
dn)
dHp
H ip
\ / l  — w; +  2 /i(l — w) ’
Hppp
dw \ / l  — w + 2fj.p{l — w)
If we siibst.itute from (B.8 ) and (B.9) into equation (B.7), ^  becomes:
(B.8)
(B.9)
Adw
7.0 ( . H pH \p + HiHpj.Lp \ + HpHi4(/io +  /i) \ / l  — w +  2 /i(l -  'tu) \ / l  -  'tu 4- 2/.io(l — tu) J 4(/io 4- p)
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Finally
w
w
HpHi 
4{pp +  p)
H qH i
4{po + p)  I \ / l  — w 
HpHi  I w
4{po +  p)  \ / l  — w  
H qH i f w
4{po +  p) \  \ / l  - w
^  +  /"o \  ^  1
\ / l  — w  \1  +  2 /i\/I  — w  1 4" 2/io s/1 — tu /
/ i ( l  +  2/io \ / l  ~  tu) 4- /io (l 4- 2 / i \ / l  — tu)
(1 +  2/i s/1 -  tu)(l 4- 2/io s/1 -  w) + 1
/i +  2 /io /is/l — tu 4- Po 4" 2 /io /is/l — tu
(1 4- 2/i s/1 — tu)(l 4- 2/io \ / l  ~  tu) 4-1
/i +  /io +  4 /io /is/l “  tu
(1 +  2 /is /l  — tu) (1  +  2 /io s/ 1  — tu) + 1
'u;(/i 4- /io -f- 4 /io /i\/l  ~  tu) +  >/l — tu(l 4- 2/iv^l — tu) (1 4- 2/io \ / l  — tu)
s / l  — tu(l 4- 2 /is /l  — tu)(l 4- 2/io \ / l  — tu) 
1
4(/io 4- /i)
H q H i  _____________________________________
4(/io +  p)  s/1 ~  tu(l 4- 2 / i \ / l  — tu) (1 4" 2/io>/l — tu)
|tu /i 4- tu/io +  4tu/io/i\/l — tu 4- s / l  -  tu[l 4- 2/iQ\/l -  tu 4- 2/i s/1 -  tu 4- 4 /io /i(l — tu)] j
H qH i__________________________ 1_____________________
4(/io 4- p) s / l  — tu(l 4- 2 /is /l  -  tu)(l 4- 2/io s / l  -  tu)
l^ tu/i 4- tu/io 4- 4w pop \J l  — iu 4- s / l  — tu 4- 2 /io(l — tu) 4- 2 /i(l -  tu) 4- 4 /io /i(l -  tu) s / l  — tu
TfpiJi__________________________ 1____________________
4(/io 4- /i) s / l  — tu(l 4- 2 /is /l  -  tu)(l 4- 2/io s / l  -  tu)
4" s /l  — tu 4- 2/io — 2'Lu/io 4" 2/i — 2tu/i 4- 4 /io /is/l — tu — Aw p o p s / \  — tu)
(tu/i 4- tu/io 4- 4tu/io/is/l -  tu
4(/io 4- /i)
H qH i 
4(/io 4- /i)
tu/i — tu/io 4“ 2/io 4“ 2/i 4~ s /l  — tu 4- 4/io/i s / l  tu
s /l  — tu(l 4- 2 /is /l  — tu)(l 4- 2/io s / l  -  tu)
/i(2 -  w) 4- /io(2 -  tu) 4- s / l  — tu 4- 4 /io /is/l -  tu
s / l  — tu(l 4“ 2 /is /l  — tu)(1 +  2 /ios/l — tu)
A5tu 4(/io 4- /i)
(2 — tu)(/io 4- /i) 4- s / l  — tu(l -f 4/io/i)
y i  — tu(l 4- 2 /is /l  — tu)(l 4- 2 /io s/l — w) (B.IO)
B .3 T he derivation of dwdi
From B .l and B.2:
d f
di
and
w H qH i sin a 2/i — 1 — 2s / l  — tu(/i 4- 2/io 4- 2/ig) 
4(/io 4- /i) (1 4" 2 /ios/l — tu)(l 4- 2po){po 4- p) (B .ll)
5 /
dw
H qH i 
4 (/io  4- /i)
(2 — tu)(/io -b /i) 4- s / l  ~  tu(l 4- 4/io/i)
s / l  — tu(l 4- 2 /is /l  — tu)(l 4- 2 /ios/l -  w) (B.12)
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^  can be derived as:
d'U)
~di
A  / Ë L
di  /  dw
w H q H \  sin?! 2/,i — 1 — 2 \ / l  — u?(/./, -h 2/./io A
4(/io +  /t) (1 +  2/iQ\/l — tu)(l +  2/io)(/io +  /./,)
H qH i
4(//,o +  /-/.)
(2 — w ) { p q  +  /t) +  \ / l  — tu(l +  4/io/i)
\ / l  — tu(l +  2 / i \ / l  — ?u)(l +  2/io \ / l  — tu)
[2 /i — 1 — 2 \ / l  — tu (/i +  2 /io  4" 2/iQ)l ( \ / l  — tu ) ( l  4- 2 / i \ / l  — w )—  =  tu sill A •  --------------------------- P------------------------------  —------------- ;—  (B.13)
(1 4- 2/io)(/io 4- /i) [(2 — tu)(/io 4- /i) 4- \ / l  — tu(l 4- 4/io/i)J
B .4  T he derivation of
Since
d l  ^  ± _  
d R  d R  
=  1 .
R - w4(/io 4- /i) H qH i
(B.14)
and from B.2
Adw
H qH i 
4(/io 4- /i)
(2 — tu) (/io 4- /i) 4- \ / l  — tu(l 4- 4/io/i)
\ / l  -  tu(l 4- 2 / i \ / l  -  'tu)(l 4- 2 /io \/l  — tu)
can be derived as:
d'lu
dR. =  - 1 dw
_  4 (/ip 4- /i) 
H qH i
\ / l  — tu(l +  2 / i \ / l  — tu)(l +  2/io \ / l  ~  tu) 
(2 — tu)(/ip 4- /i) 4- \ / l  — tu(l 4- 4/ip/i)
(B.15)
(B.16)
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